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PREFACE. 



This little book is, aa its title imports, a mere Introduction to 
Algebra. It is its purpose to make the transition from the Arabic 
Notation and Common Arithmetic, to the Literal Notation and 
Algebra, as simple and attractive as the nature of the subjects will 
allow. It can be studied by quite young pupils who have but 
a very elementary knowledge of Arithmetic. It will be found 
adapted to such of our public schools as wish to introduce the 
subject of Algebra before the pupil has sufficient maturity to 
enter upon the Comfletb School Algebra, and for Colleges 
having a Preparatory Department and desiring some simple intro- 
duction to the Author's University Algebra. 

In order to economize space and time, as well as to lead the pupil 
to feel that he is not entering an entirely new field, some of the 
more elementary definitions, conmion to arithmetic and algebra, have 
been omitted. Nevertheless, great care has been taken not to 
omit any which could by any possibility be unfamiliar, or which 
need a more accurate or comprehensive statement than is com- 
monly given. 

The order of arrangement is rather that which the pupil can 
pursue with the greatest ease, than that which a rigid scientific 
analysis of the subject demands. 

In the first sections the topics are approached by the simplest 
inductions, the rules are preceded by illustrative examples, and 
followed by explanations and statements of reasons in a free 
and somewhat colloquial style. But, as the subject proceeds. 
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a gradaal transition is made to a more condensed and formally 
scientific treatment. In a few instances, processes have been given 
and the formal demonstration witlilield, though never without 
apprising the pupil of the fact. It is the purpose of the book to 
lead the joung to comprehend and appreciate mathematical reason- 
ing, as well as to solve problems. 

Formal statements of principles, definitions, and rules, when 
repeated in different members of the series of which this book 
forms a part, are given in exactly the same language. 

A glance at the Table of Contents will inform the reader as to the 
scope of the book. The elements of Literal Arithmetic, Simple 
Equations with one, two, and three unknown quantities. Quadratic 
Equations with a few cases of Simultaneous Quadratics, and Ratio 
and Proportion, are the principal subjects treated. 

Trusting that the book may be a means of interesting the young 
at the threshold of this great department of mathematical science, 
and may prove serviceable to the teacher in his efforts to lead his 
pupils to think, as well as ** cipher," the author submits it to the 
judgment of his fellow laborers. 

EDWARD OLNEY. 

University of MicmGAN, 
Ann Arbor, August, 1874. 



CONTENTS. 



SECTION I. PACTS 

How Letters are used to Represent Numbers. . 9-12 

SECTION n. 
Letters "written side bt side 13, 14 

SECTION m. 
Exponents and Terms 14-18 

SECTION IV. 

Examples fob Practice in Usino Letters to Rep- 
resent Numbers 18-20 

SECTION V. 
Addition 20-27 

SECTION VI. 
Subtraction 27-30 

SECTION VII. 
Multiplication 30-37 

SECTION VIII. 
Division 87-45 



6 CONTENTS, 

SECTION IX. 
Use of Parenthesis 45-47 

SECTION X. 
FACTORiNa 47-53 

SECTION XI. 
Common Diyisobs 63-56 

SECTION XII. 

«. 
Common Multiples 5&-59 

SECTION XIII. 
Fbactions 59-87 

SECTION XIV. 
SiMFLE Equations 87-98 

SECTION XV. 
Tbansfobmation of Simfle Equations 98-108 

SECTION XVI. 

Solution of Simple Equations, with one Unknown 

Quantity 108-114 

SECTION XVII. 

Applications. — Problems solved with one Un- 
known Quantity 114-126 

SECTION XVIII. 
Geometbical, OB Common Ratio 126-131 



CONTENTS 7 

SECTION XIX PAOES 

Propobtion 132-139 

SECTION XX. 
Problems IirroLYiNa Ratio and Propobtion 139-143 

SECTION XXI. 

Simple Equations with Two Ukknown Quanti- 
ties 143-155 

SECTION XXIL 
Problems Qiying Rise to Two Equations Each... 155-159 

SEOTION XXIII. 

Simple Equations with Thbee Unknown Quanti- 
ties 159-163 

SECTION XXIV. 
Meaning of Fbactional and Nbgatite Exponents 163-171 

SECTION XXV. 
SiMiLAB Radicals 171-176 

SECTION XXVI. 
Addition and Subtbaction of Radicals 176-178 

SECTION XXVII. 
Multiplication and Division op Radicals 178-185 

SECTION XXVIII. 
Pubs Quadbatic Equations 185-190 



8 CONTENTS, 

SECTION XXIX. p^^jjg 

Apfbcted Quadratics 190-201 

SECTION XXX. 

PBOB^BOiS PSODUCIKa AFFECTED QUADRATICS 201-205 

SECTION XXXI. 
Freeiko Equations of Radicals 205-209 

SECTION XXXII. 

Simultaneous Quadratic Equations with Two 

Unknown Quantities 210-21G 



Inteodtjotion to Algebra 



SECTION I. 

MOW LETTERS ARE USED TO REPRESENT 

JfUMBERS. 

1. Three times 5, and 4 times 5, and 2 times 5, make 
how many times 5 ? 

Three times 7, and 4 times 7, and 2 times 7, are how 
many times 7 ? 

Three times any number^ and four times the same 
number, and 2 times the same number^ are how many 
times that nnmber ? 

2. Two times 8, plus 5 times 8, plus 3 times 8, plus 1 
time 8, are how many times 8 ? 

Two times 17, plus 5 times 17, plus 3 times 17, plus 
1 time 17, are how many times 17 ? 

Two times any number, plus 6 times the same numbery 
plus 3 times the same number, plus 1 time the same num-- 
ber, are how many times that number ? 

3. Five 23*8, plus 4 23% plus 11 23*s, are how many 
23's? Ans.,20 2ya. 
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1. In Algebra we often use letters to represent, or 
stand for, numbers. 

The following exercises will show how; 

4. Snppoae a stands for some number, as, in the first 
exercise, for the 5 ; 3 times a, and i times a, and 2 times 
a, make how many times a? 

Again, suppose a stands for some number, as 7 in the 

first exercise ; 3 times a, and 4 times a, and 2 times a, 

are how many times a ? 

Again, suppose a stands for any number, only that it 

"le same number each time ; 3 times a, and 

2 times a, make how many times a ? 

nds for (represents) some number; how 
I, are % times m, plus 5 times m, plus 3 
1 time m ? 

ke any difference what number m stands 
means the same number all the time ? 
is with Ex. 3. 

J represents some number (meaning the 
all the time in this exercise), 6 b'a, plus 4 

i, are how many 5's ? 

,th Ex. 3. 

lay u*a any letter to represent any number, 
always means the same number in 
rcise or problem^. 

etter i> uaed to represent a number, the 
, tdls how many timss the number rep- 
he letter is taken, is simply written be- 
r, the word "times " being left out. 
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Thus 3a means 3 times a, 4i means 4 times d, 7m 
means 7 times my lObx means 105 times the number 
represented by Xy whatever that number may be. 

« 

4, The fiumbw' placed before a letter to tell how 
many times the letter is taken, is called a Co-effl- 
cient. 

If no figure stands before a letter, the letter is taken 
oncey or its co-efficient is said to be 1. 
Thus, m means one time m. 

7. How many times the number represented by J, are 
4d, 3*, 66, and * ? 

That is, 4 times some numhevy plus 3 times the smne 
numheVy plus 6 times the same numler, plus one time 
the same numhery are how many times that number ? 

8. 5a, plus a, plus 6a, plus 8a, are how many times a ? 

Ans.y 20a. 

Query 9 — If the a in 5a meant one number, the a alone another 
number, the a's in 6a and la stiU other numbers, could you answer 
this exercise in the same way ? You could not answer it at all. 
The a must mean the same number all the time, in the same 
example. 

9. 10a + 5a + 7a + 2a, are how many times a? 

Query m — Is it necessary that a should mean the same thing in 
this exercise that it did in Ex. 8 ? 

10. 3a+2a + 5a+8a, are how many times a ? 

Ans.y 18a. 
How much is this if a is 6 ? Ans,y 108. 

How much if a is 11 ? Ans,y 198. 

11. Eleven times 8, minus 5 times 8, are how many 
times 8 ? 
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12. l\a—ba are how many times a ? 

Eleven times any uumber, minus 5 times the amie 
nnmber, ai'e how many times ihat uumber? 

13. ISa;— '?a;=liow many times x? 
How much is this if x represents 3 ? 

If X represents 2^? Atv. to the last, 11, 

14. 65 + 4J+105— 12J=how many times 5? 

15. How mach is am + Sm—im + tim~5m^2m ? 

IG. What is lOn divided by 3; that is, what is { of 
10a? 
27x divided by 9 is how much ? Ans. to the last, 3x. 

17. How many times a nnmbor is 10 times that num- 
ber, divided by 2; that is, J of 10 times a number? 

is i of 48a:? 
5? 

11? 

'? 

: by 5, then add 3x, then multiply by 
ix, then divide by 3. What is the 

a by 3, then subtract a, then multiply 
by 2, then by 5, then add 3a. What is 



ilier eliould extend sacli eiercisee until his 
■heta mentaUj, as repidlf aa one would n&to- 
n.] 
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SECTION II. 

LETTERS WRITTEJf SIDE BY SIDE. 

6. When letters representing numbers are written side by 
side, as in a word, their product is indicated. 

Thus, db means the product of the two numbers repre- 
sented by a and h. 

Sabc means 3 times the product of the numbers repre- 
sented by «, h, and c. 

[Note. — Instead of saying, as above, the number represented by 
a, we usually say " the number a" or, " a," without using the 
word number at all. Thus we say 3 times the product of a, b, 
andc] 

1. If a=3, and 5=2, what is ab ? Ans., ab=.^. 

2. If m=5, and w=8, what is mnl 

3. What is cd, if c=4, and cZ=8 ? 

4. What is cdy if c=7, and J=2 ? 

5. What is cdy if c=10, and d=2\ ? 

6. What is cdy if c=|, and ^=} ? 

7. What is amiiy if a =5, 7;i=7, and n=2? 

A7is.y am7i=70. 

8. What is mnn, if a=2J, W2=4, and w=3^ ? 

-4w.5., amn=32. 

9. What is awi/j, if a=f, 7»=i, and w=^ ? 

10. What is 3a2^, if a=2,and J=4 ? ^n^., 3aJ=24. 



14 INTRODUCTION TO ALGEBRA. 

11. What is dab, if «=5, and J=4? 

12. What is 3aJ, if a=20, and b=7 ? 

13. What is 12abCy if a=2, J=3, and c=ll ? 

^7i5., 12a^c=792. 

14. What is Uabc, if a=l, ^=7, and c=2 ? 

15. What is 12abc, if a=2, ^=2, and c=2 ? 

16. What is 12aAcy if a=|, J=i, and c=i? 

17. What is 7mny if wi=|, and w=|? Ans., 7ww=2|. 

18. What is Uamn, if o=2J, rw=3|, and w=o? 

19. What is 13a^c, if a=f Z»=|, andcrr^V ? 

20. What is 2dmn, if m=3, and m=10? 

21. What is 23mw, if f/i=132, and w=2548 ? 



SECTION III. 

EXFOJ^EJ^TS AJ^D TERMS. 

7. If we want to represent the product of a number repre- 
sented hy a letter, as a, hy itself a certain nwnvber of 
times, instead of writing aa, or aaa, etc., as we might, 
we write a% a% etc. 

Thus &* means the same as bbbb. a^ is read " a square ; '^ 
a\ " a cube ; " J*, « S fourth power ; " a;*, « a; fifth power/' 
etc. 
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1. Read w*. What does it mean? How otherwise 
could jou write it ? 

2. Bead a?. What does it mean? How otherwise 
could you write it ? 

3. If I wish to write the product of h taken 4 times 
as a factor, how do I do it ? 

4. Write daaa in the proper form ? 

5. Indicate the product of y taken 5 times as a factor ? 
G. What is a' if rt=2? Ans,y a'=8. 

7. What is m* if 7W =3? 

8. What is y if ft=|? 

9. What is ft* if J=H? 

8. The little figure placed at the right and a little 
above the letter is o^ form of what is called an Ex- 
ponent. 

The pupilmust not get the idea that all exponents 
mean just what has now been explained. 

This is the case only when the exponent is a whole 
number without any sign, or with the + sign. 

Thus a~^ does not mean aaa. Nor does cfl mean any 
such thing, although the —3, and the f are exponents. 
What these do mean will be explained in Sec. xxiv. 

[Note. — It is of the utmoet importance that the pupil be 
guarded, from the outset, against the notion that an exponent 
necessarily indicates a power. This false notion, once in the head, 
plagues the pupil ever after.] 
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10. What is 4a'S, if a=2, and h=b ? 

Suggestion* — Notice that 4a*&=4 x a x a x 6. Hence 4a'&= 
4x2x2x5. Or 4a'6=4 x a' x &, and as a=2, a*=4. Hence AaV)= 
4x4x5. 

11. How much is lOaVy, if a=2, c=l, and y=3 ? 

12. How much is a'J' + 2ay— Jy, if a=4, J=3, y=2 ? 
Howmuchis3a'Jy*— 2ay' + 5J, the letters having the 

same values as before ? 

How much 6by—2ab* + 4ay — 2a ? 

13. How many times a^' is 4£^b' + 2aV^Sab*? 
How many times a'y is 10a'y+4a"y— 6a'y— a*y? 

14. How many times am^y* is 4 fcimes dam^y* ? 
How much is 6 times 2am'y* ? 

Four times ^d^Vc^ ? 
Ten times 13wiwV ? 

15. How many times ax is \ of 20aa; ? 
^ of 35aa; ? 

102aa: divided by 3 ? 
How much is \ of 72aV ? 
125a;y divided by 25 ? 
18712^' divided by 9 ? 



9. We have learned \xi^T\^v^9X\^thatrej)Te8eniingnuTn' 
hers hy the figures 1, 2, S, 4* ^^'f ^s called Arabic or 
Decimal Jfotation. 

In like manner, representing numbers by the small 

letters of the alphabet, as a, J, (?, rf, Xy y, etc , is 

called Literal Notation. 
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■ — — 

The pupil will see that this Literal Notation is alto- 
gether a different thing from the Roman yotation, in 
which the seven capital letters, I, V, X, L, C, D, M, are 
used. 

Because the Literal Notation is so much used in Alge- 
bra, it is often called the Algebraic Notation. 
But this notation is just as much used in some other 
branches of Mathematics, as in Algebra. 



10. An expression 2iA^ 7a^x, without any other joined 
ivith it by the signs + or — , is called a Term, or a 
Monomial. 

K there are two such terms joined together by either 
of the signs + or — , the two taken together are called a 
JSinomial, as 6JV + 2ay', or 10a;— 3ay. 

If three terms are joined in this way it is called a 
Trinomial, as da''y—2ab + 21x. 

Any expression consisting of more than one term is, 
in general, called a Polynomial, 

Ex. Point out the monomials, binomials, trinomials, 
and polynomials, in the following: 2ax—dd^y 6x1/ —Qcd^ 
o— 2y, 3a^m*xy^ c'— eP, a+m, a-hb + c—d, 225a'JVd', 
ubcdf a-^by ab, c—a^y+ax, a^'+y', 10a' + 3a:y. 



11. Terms which have the same letters, affected with tlie 
same exponents, are called Similar. 

Thus 12a'y, 6a'y, and — 3a'y are similar; but 12ay, 
6a'y, ^cxy are not similar. 
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Ex. Point out the similar terms among the following : 
Sfl'a:, 2aa', — 5aV, aXy lHax^ 16cy% — 12(?'y% 3aV, 

12. Terms having the + sign are called Positive, and 

» 

those having the — sign. Negative. If no sign is 
written before a term the sign + is understood. 



SECTION IV. 

EXAMPLES FOR PRACTICE IJ^ USIJTO LET- 
TERS TO REPRESEJVT JVUMBERS. 

13. If I buy 5 pencils at 8 cents apiece, they cost me 
5 times 8 cents, !• ^.^5^8 cents. 

So, if I buy a pencils at b cents apiece, they cost me 
a times b cents, t. e., ab cents. 

Now we notice that in the first case we can tell more 
particularly how much the pencils cost, since 5 x 8=40. 
But in the second case we can only say that the pencils 
cost a times d, or ab cents, since we do not know just 
what numbers are represented by a and b. 



1. John bought m oranges at n cents each. How 
much did they cost him ? If m means 3, and n means 5, 
how much is it ? 

2. Mary buys n yards of calico at x cents per yard. 
How much does it cost her ? 
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3. Henry buys 5 packages of pencils. There are a 
pencils in each package; and the pencils cost him x 
cents each. How much does he pay for the whole ? 

An8.y box cents. 

4. If 7 jugs are filled with molasses, each jug holding 
m quarts, and a quart is worth y cents, how much is the 
whole worth ? 

5. A boy sold 5 quarts of nuts for 4 cents per quart, 8 
quarts of berries at 6 cents per quart, and 3 melons at 10 
cents each. He received 

5 X 4+8 X 6+3 X 10 for the whole. 

Show in like manner what would be received for m 
quarts of nuts at n cents per quart, a quarts of berries at 
i cents per quart, and c melons at d cents each. 

6. Eepresent the value of m yards of cbth at x dollars 
per yard, n yards at y dollars per yard, and a yards at z 
dollars per yard. 

7. A merchant had 5 rolls of cloth containing o yards 
each, 7 rolls with m yards each, and 12 rolls with n yards 
each. The first kind was worth a dollars per yard, the 
second J, and the third d. What polynomial represents 
the value of the whole ? 

8. If I buy 6 barrels of apples at 2 dollars per barrel, 
and pay for it with cloth at 3 dollars per yard, I must 

give -^ yards of cloth. Express in a similar manner the 

number of yards I must give if I buy a barrels at 7n dol- 
lars each, and pay in cloth at n dollars per yard. 
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9. Represent 5 times the square of a divided by 3 times 
the cube of h. 

Suggestion. — Division is represented, as in arithmetic, by 
Writing the divisor under the dividend with a line between them. 

Hence we have ^' 

m 

10. Represent 10 times a multiplied by the square of b, 
divided by 11 times the product of the cube of m and 
the 4th power of n. 

11. Represent the binomial 3 times the product of a 
and b plus 5 times the cube of x, divided by the binomial 
2 times m minus the square of n. 



SECTION V. 

ADDITIOJ^. 
Of Similar Terms. 



Ex. 1., How many times am* is 4am'+5aw'— 3aw'— 
am^ ? What are similarterms ? (See 11.) Are the terms 
in this example similar to each other ? 

14. Similar terms can be united into one term, which 
shall express the aggregate * value of the whole, as 
we see from this example and like examples in 

Sec. 1. This aggregate value is called the Sum. 

— ■ . ■ ■ ■ . » 

* Aggregate means coUeeted, united* 
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2. What is the sum of 4aa;, ^ax, 2ax, and ax ? When 
no sign is written before a term what sign is understood? 
(See 12.) 

3. What is the svm of 6ax and —2ax ? 

Suggestion. — TIiIb means the same as. What is the aggregate 
value of 6ax and '^2ax ? Or, How many times ax is 5ax^2ax ? 

4. What is the sum of 7ay% — 3ayS ay', 2ay% and 
— 4ay' ? Or, How much is 7ay^—'daj/* + ay' + 2ay'— 4ay' ? 

-4/15., 3ay'. 

5. What is the sum of llm'w',— 4m'w', 6w'/i", 27»'w', 
— 5mW,— m'7i', and 3w"w' ? 

15» Addition Is the process of comhining several quan- 
tities, so that the result shall express the aggregate 
value in the fewest terms consistent with the notor- 
tion. 

6. Add day, 6ay, 2ay, and ay. 

7. Add hvi^Xy — 2?i'a;, — w'a;, and 7«*a:. 

16* The pupil may think it strange that we should use subtrac- 
tion in adding, i. e., that we should call the result of putting together 
5aa;, and —2ax, addition, when the work of uniting them is per- 
formed by subtraction. To understand this it is only necessary 
to keep in mind just what we mean by addition, as we use the 
term here. We mean by it simply ^wWtTi^ quantities together. 
Whether a quantity put with another increases it or diminishes it 
depends upon its nature. If 2 boys are drawing a sleigh, and an- 
other boy puts in his strength, the aggregate result will depend 
upon which way the last boy pulls ; if he pulls the same way as 
the others, it will increase the effect ; but, if he pulls in the oppo- 
site direction, it will diminish the effect. The aggregate or sum 
will be greater in the former case when the third boy adds his 
strength, and less in the latter. 
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8. Five boys are pulling at a sleigh. 3 of them pull 
in one direction, 5wi, 2m^ and 7m pounds, respectively. 
The other two pull in the opposite direction, 3m, and w, 
respectively. What is the aggregate, or surriy of their 
efforts? 

Suggestion. — Suppose we call the efforts to pull the sleigh in 
the first direction positive, and the efforts to pull it in the opposite 
direction negative. Our question then is. What is the sum of 
+ 5m, +2m, +7w, and — 3t», and — w? Or, What is 5m+2m+ 
7w»— 3m— w ? 

9. I have 4 pieces of property worth respectively lOax 
dollars, Sax dollars, 6az dollars, and Idax dollars. If 
now I add debts to the amount of 6ax dollars, Hax dollars, 
and 3ax dollars, what is the aggregate, or sum, of what 1 
am worth? i. e., How much is 10ax+ Sax +6aX'\- Idax 
—^ax^Kax^dax? 



17. Positive and Negative are terms primarily applied 
to concrete quantities which are, by the conditions 
of a problem, opposed in character. 

III. — A man's property may be called positive, and his debts 
negative. Distance up may be called positive, and distance down, 
negative. Time h^ore a given period may be called positive, and 
after, negative. Degrees above on the thermometer scale are 
called positive, and below, negative. 

10. A speculator made by three trades 1200, $100, and 
$50. He then lost in two trades $300, and $250. What 
was the aggregate, or sum, of the whole ? Was it gain, or 
loss ? Shall we call it positive, or negative ? Will it be 
written with the 4- sign before it, or with the — sign ? 
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11. Three boys are pulling at a sleigh, two, attempting 
to draw it forward, pull 7w, and 6m pounds, respectively; 
the other, attempting to drag it backward, pulls \bm 
pounds. Which way does the sleigh move ? 7w* + 6w— 
15m makes how many, times m? What sign does the re- 
sult, or surriy have P What does the — sign of the result 
mean ? 

12. What is the sum of 5cy% 8cy*, — lOcy", cy', and 
--27cy' ? Which are in excess, the negative, or the posi- 
tive quantities, in this example P 

18. In adding similar terms, if the terms are all posU 
tive, the sum is positive ; if all negative, the sum/ is 
negative; if some are positive and some negative, 
the sum takes the sign of that kind (positive or 
negative) which is in excess. 



Adding JHssitnUar TermSm 

1. If I buy an orange for a cents and a knife for b 
cents, how much do I pay for both ? 

2. If I have one piece of property worth lax dollars, 
and another worth lOmy dollars, how much are both to- 
gether worth ? (See Examples 5, 6, 7, Sec. IV.) 

3. If I travel east 5m miles one day, 3^ the next, and 7a 
the next, what polynomial expresses the aggregate of my 
travels eastward ? Why can we not unite these terms 
into one term ? Can we unite any two of them into one ? 
Why not ? 

19. Dissimilar terms are not united into one hy addi- 
tion, hut the operation of adding is expressed hy 
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writing them in succession with the positive terms 
preceded by the -^ sign and the negative by the — 
sign, 

4. What is the sum of baXy dcy, —12aV, 5m', and 
^dc*y* ? Are any of these terms similar ? Can any two 
of them be united into one ? 

5. What is the sum of 6aXy — 3y', dax, — 2mw, 4y', 
—Qax, and cy ? What other terms among these are simi- 
lar to 5ax ? This Bum is a polynomial of 4 terms. Why, 
according to the definition of addition (15), is not 5ax-^ 
3ax'-2m7i + 4iy^^6ax+cy the sum? 



Adding PolynotniaZs Containing Similar and JHs^ 

similar Terms^ 

20. ^\}L£,— Write the expressions so that similaj* 
terms shall fall in the same column. Combine each 
group of similar terms into one term, and write 
the result underneath with its own sign. The poly- 
nomial thus found is the sum sought, 

1. Add 5ax—2cyy dax+^cy, cy^2axy ^^x—dcyy — aa; 
4- 5cy, and 2ax + 2cy. 

Operation. 

Having written the nnmbers so that similar terms ^aa—^cy 

faU in the same column, we may begin to add with Zaai-\-Acy 

any column we choose. Adding the right-hand column — -2aiB+ cy 

we find it makes H- Icy, and write this sum under- — 4aaJ— -3cjy 

neath the column added. In like manner the other — ax-\-6cy 

column makes Sax (or + Sax), which we write with- 2ax-\-2cy 

out any sign, as -f wlU then be understood. The 

sum is Sax + ley. Sax + ley 
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R&AS0K8.* 

As we wish to unite the terms as much as possible, so that the 
^S^S^^ value of all the polynomials shall be expressed in the 
simplest form (fewest terms), according to the definition (15), and 
as only similar terms can be united into one, we write similar 
terms in the same column /^r convenience. 

Then we find the aggregate of each column of similar terms by 
(18), and as the sums of the several columns are dimmilar terms, 
we can add them only by connecting them with their respective 
signs, according to (19). 

2. 3. 

bed— 2a -\- Axy lOawi— ^dy*-\- 2a*x 

2cd-\- 3a— 5xy — 6am -\- 4dy*—10a*x 

8a— 2xy Aatn— ^dy*— 2a'a; 

— 6crf -\-14txy 7am— 13jy+ Ga'x 

— 3a— llxy — 9am -{- 2dy*-~ 5a^x 

4- 11a 4- xy am + lSdy*— a^x 

4{j<Z— 15a 



bcd-\- 2a + bxy 7am — lOa'a; 

4. Add2a + 8d— 46-- 9 andSa- 3d + 2c— 10. 

Sum, 7a 4- 55— 2c- 19. 

5. Adi Say '\-^bx—5aCy7bxSac-\-2ay, Sac—7ay-\-2bXy 
and Qac—dbx + 7ay. 

6. Eequired the sum of dax^4:bC'\-12cx, 7cx—hax-\- 
14hCy 8aa;— 12Jc + 36a;, and 2bc—%ax^-^cx. 

* A. RvZe states a process in general terms. Let the pupil 
always be required to give the reason for every step. This should 
be done in the case of each example. 

2 
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7. Add ax—4idb-\-hdy 3bd—2ax+ab, tah—^ax—hd, 
and bah—Zax-\-\'ilhd, 

8. Add Zahd-\'idbx^bcXy Scx—llabx-\-12abd, 9abx— 
12cX'\-3abd,SLTi(i 7cx—lbabX'-\-3abd, 

9. Add U—'Za^^xy, 5a'— 0Z>+3a;y, ft— 3a' + 4, and a'— 
b—3xy. Suniy b-\-a^^xy-\-4:, 

10. Add 3^'-2a' + 13, 3a'-2J'-5, 4aJ + 7a''-3, and 
2J'— a"+a^. 

11. Add ax^—2y-\-bi 2y-\-2ax^^3by 4:aaf'—y—b, and 
2b—dax*i-b. 

12. Add 2c' + a'+3^»c, 5c'-3a'— 25c, c' + 2rt'— 5c, and 
5 + 5c-- 3. 

13. Add a5 + a'c— 5, 3a5— 3a'c-h7, 2a'c— 2a5— 3, and 
a5+a'c + 5. 

14. Add 35'— 2a'a;+5, — 5' + 3a'a;— 35, 5'— a'a:+c, and 
35' + 5 — 3c. Sum, ^V-^b— 2c. 

15. Add 2a' + 3— ac, 3a'— 7+ac, 3ac— 5a'H-9, and 3ac 
+ 4— a'. Stim, — a' + 9i-6rtc. 

16. Add 5'c+2-y', y'-35'c-10, 25'c-3 + 2y', and 
5'-y' + 5. 

[Note. — For the addition of terms with respect to a common 
letter, and the use of the parenthesis in general, see Sec X.] 
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SECTION VI. 

SUBTBACTIOJf. 

1. If you add —%ax to bax^ liow much of the box will 
be destroyed ? 

2. If you add 2ax to —bax, how much of the — 5aa; 
will be destroyed ? 

21. Adding a negative quantity destroys an equbal posi- 
tive qiMintity I and adding a positive quantity de- 
stroys an equal negative quantity. 

3. How can you show that adding 2ax to box destroys 
— 2aa;? 

Answer, bax is the same as laX'-^ax. Now, adding 
+ 2aa;* to tax—2axy the -{-^ax destroys the — 2aa; and 
leaves ^ax. 

4. How can you show that adding — 2aa; to -—box de- 
stroys '\-2ax? 

Suggestion, — Observe that — 5aa; is the same as —7ax-\-2ax. 

5. In subtraction in arithmetic you have learned, that 
the subtrahend and remainder (or difference) added to- 
gether make the minuend. If, therefore, you destroy the 
subtrahend out of the minuend what remains ? If 5a + 
dbx-'2cy is the subtrahend, what would you have to add 
to a minuend to destroy this subtrahend out of it? 
What would you have to add to destroy ba ? What to 
destroys- 3 Ja;? What to destroy — 2cy? Then, if you 

* The + sign is written in such cases simply for emphasis. 
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add to the minuend -~6a''dbz + 2ci/, what would be left ? 
(The Remainder.) 

How to Terform Subtraction* 

22. WLE.-'Change the signs of each term in the sub- 
trahend from + tO'-,or from — to ■\-, or conceive them 
to he changed, and add the result to the minuend. 

1. From baX'-'Ucy + 10ft— 8, subtract 2az + 3cy — 12J— 5. 

Ofebation. 

5flWJ— 2cy + 10} — 8 Minuend, 

^2ax—dcj/ + 12ft + 5 Subtrahend with its signs 

changed. 

dax—5cy + 22b—3 Remainder obtained by 

adding the subtrahend with its signs changed to the 

minuend* 

RSASONS. 

Why do 70a change the signs of the subtrahend f An8, To 
get a quantity which added to the minuend will destroy out of it 
an amount equal to the given subtrahend, according to (21). 

Why do you add the subtrahend with its signs changed to the 
minuend ? Ans. Because, as the minuend is the sum of the sub- 
trahend and remainder, if we destroy the subtrahend from out the 
minuend, we have left the remainder. 

2. From 4raft + 3(?*— a;y subtract 2ab—c^+3xy. 

Re7n.y 2db + 4c* — 4a;y. 

3. Froln 5a«-f 3ftc?— cd+3a: subtract 2a*—bc-\-Scd. 

Bern., 3a*4-4:ftc— 4cd+3a:. 

4. From Ha^b-^abc+ixy subtract a*ft4-6aftc?— ary 
+mz. 
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5. From 8a»— 4a« J— 24c+10 subtract 3rt» 4-a**--5. 

6. From 3b*c+abx+2xy* siibtract b^c—3abx + 2xy* 
-3. 

7. From 8aa;— 35y4-4dfa; subtract 3£to— 6aa;+3^y. 

8. From 9bcx-\-7aby'-4:bx subtract 3bcx+2abt/^^bx. 

9. From dbx—^acy + bay subtract "Zdcy-'bbx—bc. 

10. From 9a6— Tdfe+S^^r subtract Zeg—tde—^ab. 

11. From 2a;«--3y« subtract 2a;«+3y«. 

12. From tc*4-2a:y+y» subtract a;*— 2a:y4-y*. 

13. From a;*— 2a:y— y* subtract a;* — 2a:y+y*. 

14. From a—b subtract a+ft. 

15. From a+5 subtract a—b. 

16. From dx^—2ay subtract 2J«— 3win. 

Suggestion,— The subtrahend with its signs changed is —25* 
+3mn. This added to the minuend gives 3a;'— 2a^— 2&*+3mn, as 
the remainder. Since there are no similar terms, there are none 
that can be united into one. 

17. From 30a;-215y subtract 7a«J«. 

18. From a— J subtract x—y. 

, 19. From 8x« — 2ay subtract 2a;« -cd + S. 

Ee7n,y 6x^'-2ay+cd'-S. 

20. From 3w«w«+6a:y-3c« -10 + 12/ subtract c« — 
m*n* + 6xy—ab + 5. 



30 INTRODUCTION TO ALGEBRA. 



[NoTB. — For the Bobtraction of terms with reference to a 
oommon letter, and the use of the parenthesis in general, see 
SecX.] 



SECTION VII. 

MULTIPLICATIOJ^. 

1. What is the difference between 3 times 4, and 4 

times 3 ? 
What then is the difference between db and ba ? 

2. What is the difference between 3x5x7, and 7 x 3 x 
6, and 5x7x3, and 3x7x5, and 5x3x7, and 7x5x3? 

What then is the difference between abc, acb, cba, cab, 
bac, and bca ? 

23. The product of several factors is the sar/ie ii\ 
whatever order they are taJcen, It is, however, cus- 
tomary to write the literal f alitor s of a term in their 
alphabetical order. 

Thus we write ax, not fM ; also dbc instead of any other of the 
six possible orders. 

3. Three times 15 is 15 what? 
Six times 7 rods is 42 what ? 
What is the product always like ? 

4. Can you multiply 15 by 13 ? 

What would 3 dollars times $5 mean ? * 

* Of course this is absurd ; it is nonsense. The multiplier is 
always to be conceived as an abstract number when the operation 
is performed, as has been taught in arithmetic. 
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Can you multiply 7 gallons by 6 gallons ? 
What kind of a quantity must the multiplier always 
be conceived to be ? 

24. The product is aZwaya to be conceived as of the 
same hind as the Tnultiplicand, and the multiplier 
as an abstract (mere) number, showing simply how 
many tiw/CS the multiplicand is taken. 



Signs of the JProduct» 

1. Since a multiplied by b is ab, if a is a positive quan- 
tity what is ab? If a is a negative quantity what is ab ? 

Then H-a multiplied by b gives what? (Ans. +ab, 

according to 24.) 

Also —a multiplied by b gives what ? {Ans. — aJ, 
according to 24.) 

2. If we understand the sign + when placed before a 
multiplier to indicate that the product is to be addedy 
and the sign — that it is to be subtracted, what is +a 
multiplied by 4-4? 

A nsvwr. + « multiplied by J is + aby as we saw above. 
And, as the sign + before the multiplier b shows that 
this product is to be added (to any others with which it 
may chance to be connected), it is to be written with its 
own sign. Hence -{-a multiplied by + J is +ab* 

3. With the same understanding as in Example 2, what 
is the product of +a by —b? 

Answer. +a multiplied by b gives +ab. But a^ the 
— sign before the multiplier shows that this product is 
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to be subtracted (from any other qnantities with which it 
may chance to be connected), its sign must he changed 
Hence +a multiplied by — i is —ab. 

4. With the same understanding as aboye, what is the 
product of —a hy +6? 

Answer, —a multiplied by } is — aJ. And as the 
+ sign before the multiplier shows that the product is 
to be added, it is to be written with its own sign. Hence 
—a multiplied by + J is —a J. 

5. With the same understanding as aboye, what is the 
product of —a by —J ? 

Anstver. —a multiplied by b is — aJ. But as the — 
sign before the multiplier shows that this product is to 
be subtracted, its sign must be changed. Hence — « 
multiplied by —J is +ab, 

25. When two factors Tiave the sarn^e-^igTi their pro- 
duct is positive: when they have different signs 
their product is negative^ 

6. What is the product of — o, —J, and — <?? 

Suggestion. — The product of —a and —h is +a&; and tlie 
product of +a6 and — c is — a6c. 

7. What is the product of —a, —J, — c, and — rf? 

Suggestion. — The product of —a and —5 is +a5 ; the product 
of +a& and — c is —€Lbc\ and the product of —aba and —d is 

'\-aJbc. 

26. The product of any number of positive factors is 

positive. But the product of an odd number of nega- 
tive factors is negative, whereas the product of an even 
nurnber of negative factors is positive. 
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To MuUipiy Two Monomials Together. 

I. What is the product of Sab and 6ab ? 

Answer, Since in the literal notation a product is indi< 
Gated by writing the quantities side by side (Sec. II.), 3ab 
X^ab may be written 3ab6ab. Now, as the order of the 
factors is immaterial (2S), this may be written 3 x baabb. 
Again 3x5=15, aa=a*, and bb=:b*. Hence Sabxbab 

27. fi\}LE.—MuUipli/ the numerical coefficients as 
in the decimal notation, and to this product affix 
the letters of both the factors, affecting ea^h with 
an exponent equal to the sum of the exponents of 
that letter in the factors. The sign of the product 
will be + when the signs of the factors are alike, 
and — when they are unlike. 

2. Multiply 6my by 3mx. Prod.y 15m*xtf, 

3. Multiply Say by 7a«y». ^ Prod., 56a»y*. 

4. Multiply 4a« J« by 6a«ft«. 

5. Multiply 10a*x^y by 7cxy*. 

6. Multiply 3a by 2b. 

7. Multiply -5a« by 4a. Prod., — 20a». 

8. Multiply 'Hab by — 5a*a;. Prod., — 35a*5a;, 

9. Multiply — 3Ia«y by -10ay«. Prod., 310a»y». 

10. Multiply —16m*ny by 3»'. 

II. Multiply —my by +my. 

2* 
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12. Multiply -aH* by — a»J». 

13. Multiply acy^ by — 3o£?. 

14. Multiply ic* by — a;^. 

15. Multiply together Zaz, — 5a», and 2oa:*. 

<SfMflrgr6«f lo».— Wliat is the product of Zax and —6a* ? This 
product multiplied bjr 2aa;' gives what? 

16. Multiply together 3c*y, ^y^, —c^y^ and —2a. 

17. Multiply together 74e?»yS 2l7ac«, and -436«y». 



To Multiply two IFactws together when one or both 

are JPolynomiale. 

1. Multiply 3a;— 2^ + 4;? by 6tc+3y—2«. 

Opbration. 
3a;—2y+42? 
6a;4-3y— 2« 

15a;«— 10a;y4-20a:j5 

+ 9a:y ^^t^l^yz 

— 6a;j? + 4ya:-8«* 

15a;*— xy + l^z—6y* + 16yz-~Sz* 

Explanation. — I am to take Zx—2y-\-4£,5x+By^2z times, since 
this is what is meant by multiplying hj 5x+3y^2z, (See defini- 
tion of multiplication in arithmetic.) 

As a matter of convenience I write the multiplier under the 
multiplicand. Then I multiply the multiplicand by 5x, This is 
done by multiplying the parts (terms) of the multiplicand sepa- 
rately, and adding the result ; that is, connecting them by their own 
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signs. Thus I find tbat 6x times Sa;— 2^+4? is ISx'— IQrj^ 

Again, taking the multiplicand Zy times i have $)a^— 6^' + 12^2. 
If this is added to 15a;^— 10x^ + 2x2 the sum will be 5a;+3y times 
3^7—2^ + 43. So I write it under the first partial product, as in ad- 
dition, but do not add it till I have all the partial products. 

I have now taken the multiplicand ^x-\-^y times. But this is 2z 
too man^ times, since I was to take it 5x4-3^ minus 2z times. 
Hence I am to take 2z times the multiplicand and subtract it from 
the former result. This I do by multiplying by 2z and adding the 
result toith its signs changed. That is, I multiply by ^2z chang- 
ing the signs as I go. 

Finally, adding the three partial products I have 16a?'— a?y4-14a» 
—6y^-\-16yz—8z\ which is 6a5 + 3y— 2« times 3a;— 2y+4«. 

28. HVLE.— Multiply each term of the multiplicand 
by each term of the multiplier, and add the prod^ 
nets. 

2. Multiply 3a35-2aJ3 +^4 by2o&+5«. 

Operation. 

2,ah +J8 

6a*^>«— 4a«J*+2a*» 

+3rt3J3_2«i6 +*« 

Prod,, 6a*d«+3a36»-4a2J*4-A« 

Note.— The pupil should give an " explanation " like the pre- 
ceding. Not the "How" merely, but the "Why" should be 
g^ven. 

3. Multiply 2a«+4ac—c« by 3a— 5c. 



* In the literal notation it is not specially important whether 
we multiply from right to left, as in arithmetic, or from left to 
right. It is customary to proceed from left to right. Thus 5a? times 
3aj is 15aj*. 6aj times — 2y is — Iftry. 5a? times +4a is +20a»5. 
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Opbration. 

3a —5c [Pupil give the 

6^3 4- l^a^c— 3ac* reasons.] 

Prod., 6a«+ 2a«c— 23ac«+5c» 

4. Multiply a:* +2xy+y* by a;*— 2a:y+y*. 

Prod., a*— 2a;«y«+y*. 

5. Multiply 5a— 3c by 3a. 

6. Multiply 4x^6+ ax by 2aa;*. 

7. Multiply 12aa;«— a:«+ic8 by —6a^x^. 

8. Multiply 4J«c+rfc—c by 35c. 

9. Multiply dx*-'5y + z by 6. 

10. Multiply 6a4«-3a;«y + 7 by —8. 

11. Multiply x+yhj x+y. 

12. Multiply a;--y by a;— y. 

13. Multiply a;— y by a;+y. Prod., a:*— y*. 

14. Multiply a* +aJ + J« by a— 5. 

15. Multiply 2J«-2*a;+a;« by 2*-a;. 

16. Multiply J3 +*» +5 by »» +»«. 

17. Multiply a;8 — 2c« + 2y by c« +y. 

18. Multiply a* + Ja:+y by a^—bx. 

19. Multiply a;* + 2a;3 + 3a;« + 2a: + 1 by x* -2x + 1, 
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20. Multiply 2a:»— 3a:y+3 by tc« +4iry— 2. 

21. Multiply 6a3-2d«c+3d«8 by a«-5fl»J+3e«. 

22. Multiply l+y+y*+y* + y*+y* by 1— y. 

Prod., 1— y*. 

23. Multiply a;* +a;3y +tc*y* 4-a:y5 ^^4 by a;— .y. 



SECTION VIII. 

2>/F/aS/0JV. 

1. How many times is 3 contained in 12 ? Why ? * 

2. How many times is a contained in 6ab? That is, 
by what must a be multiplied to make 6a&? 

3. Ga^x multiplied by 3ax is how much ? 
ISa^x* divided by 3ax is how much ? Why ? 

4. How many times is a a factor in 3a^ J ? 
What other literal factor is there in 3a^b? 

If you take out one factor a from 3a^b, what is the 
result ? 

5. What is the diflference between taking out a factor, 
and dividing by that factor? 

If you take a factor 6 out of 18, what is the result ? 

6. If you take all the factors of 15, i. e., 3 and 6, out of 
75, what have you done ? 

* The answer is, " Becaase 4 times 8 make 12l*' And so of the 
following. 
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7. Divide 604 by 42 by taking out of 604 all the factors 
of 42, i. e. , 2, 3, and 7. 

8. Divide 15a^b by da by taking out of 16a^b the fac- 
tors of da. 

9. If the product is + and one of the factors is +, 
what is the sign of the other factor ? Why ? 

10. If the product is + and oue of the factors is — 
what is the sign of the other factor ? Why ? 

11. If the product is — and one of the factors is +, 
what is the sign of the other factor? Why ? 

12. If the product is — and one of the factors is — , 
what is the sign of the other factor? Why ? 

13. The product in multiplication corresponds to what 
in division ? 

The divisor corresponds to what ? 

Then, if the dividend is + and the divisor +, what is 
the sign of the quotient ? Why ? 

If the dividend is + and the divisor — , what is the 
sign of the quotient ? 

If the dividend is — and the divisor +, what is the 
sign of the quotient ? 

If the dividend is — and the divisor ^, what is the 
sign of the quotient ? 



29. RULE,— lb divide onemonomial by another when 
all the factors of the divisor are found in the divi- 
dend, drop from the dividend all the factors of the 
divisor, and the result is the quotient. The quotient 
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is + when dividend and divisor have like signs, and 
— when they have unlike signs, 

1. Divide — 35a^5' by — 5^^'. Quot,, lab. 

2. Divide — 15a*&a:* by ^a^bx, Quot^ -^bax, 

3. Divide Ua^b^c by laH^. 

4. Divide lU^x* by ^Ux. 

b. Divide — 36a3J«ca:« by ^ab^cx. 

6. Divide ^9ac^yx by 3ar*a:. 

7. Divide ^d^cx^ by —dcx, 

8. Divide llJ*6-*a;'' bv 2»*ca:». 

9. Divide —ISb^c^y^ by -b^cy'^. 



30. RULF.— //^/i^re are factors in the divisor which 
are not in the dividend, write the divisor under the 
dividend in the form of a fraction, and cancel all 
the common factors as in fractions in arithmetic. 
The result is the quotientin the form of a fraction. 

1. Divide lba*x by 21acx*. 

^ 15a*x fxbitadf^ 6a 

Operation. r- ^=^ — ???-?- =ir— 

21acx^ 3 X 7^c:lpx lex 

ExFLAKATiOK. — Since division is indicated by writing the diviaoi 
under the dividend with a line between them, we have — j' 

* This step is inserted only to exhibit the cancellation. The 
factors can be discerned as well without it, and in practice it should 
be omitted. 
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And since canceling like factors from numerator and denominator 
(as learned in arithmetic) does not change the value of a fraction, 

by canceling 8, a, and x, we have - — as the quotient in the form 

icx 

of a fraction. 

2. Divide -llaHz* by ^daHx. Quot., y?- 

3. Divide ^21b^cx by 17bcx^. Q%iot^ — fs-j' 

4. Divide -33a»^y« by -22^8y». 

5. Divide -29^»c«y« by -14ad»c». 

6. Divide 35a»^a;« by 15flJ«x». 

7. Divide 27a*^c« by -6a«d»c«. 

8. Divide Iba^x^y by — 10a*a;*y*. 



To Divide a Bdynomial by a Monomial. 

1, Diyide 6a*a;— lOa'a;* -\-^axy by 2fla:. 

SuggesHofim — If we find how many times the divisor is con- 
tained in each part (term) of the dividend and add the result, we 
shall find how many times it is contained in the whole. 

3a— 5a*a; + 2y Quohenl. 

31. WLE.— Divide each term of the polynomial 
dividend by the monomial divisor, and write the 
results in connection with their own signs, 

2. Divide 2a^-6a«ii; + 8a3y-2a by 2a. 

Quotf }— 3aa;+4a*y— 1. 
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3. Diyide l4a»— 7ad+21aa?— 21a by 7fl. 

4. Diyide a^x+da^x* —6ax^ +dax by a. 

5. Divide 5^«-10&»+5^*y-15^» by 53. 

6. Diyide bx*+2x^'-Scx^ + 7x* byre*. 

7. Diyide 4a* -8a»-4fl«&+8a by 2a. 

8. Divide ay^ -{- a*y^ —a^y^ —ay by ay. 

9. Divide — y+^y*— 5y'+3y* by — y. 

Cwo/., 1— 3y + 5y«-3y8. 

10. Divide 3d»-9J»+ 123-15 by +3. 

11. Divide —c^+3c^-6c^-{-c* by — c«. 

12. Divide 8y'— 4ay+a*y*— 3y by y. 

13. Divide -10 + 20a-15fl8 4-20 by -5. 

14. Divide aH—aH* +aH*—a^b by ab. 

15. Divide a;*y* + a?'y ^ —x^y* —xy by ny. 



To JHvide one Poiynamial by another, 

32* A polynomial is said to be arranged with referenee 
to a certain letter when the term containing the high- 
est exponent of that letter is placed first at the left, 
the term containing the next highest exponent next, 
etc. 

Thus, the polynomial 6ir*y*+42ry»+4a;8y+y*+a;*, 
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when arranged according to the exponenta of y, becomes 
y * + ^xy^ + 6a;*y * + ^x^y + a?*. 

1. Arrange 2y^x—y*x^ +a;* +y* with reference to y. 
Again arrange it with reference to x. 

2. Arrange 2ab-{-a^ -{-b* with reference to a. 

3. Arrange 3a* J* —3a*^*—^*+a* with reference to a. 

4. Are a*— a«a;*+2a»a;— a*, and x^—ax+a*, both 
arranged with reference to the same letter? 

What is the letter of arrangement ? 

If we were to multiply these two polynomials together 
in the ordinary way, would the partial products, and the 
entire product, be arranged with reference to any letter ? 
What letter? 

What would the first terra of the product be ? 

What two terms would be multiplied together to make it ? 



Ex. 1. If x^ —Sax^ -{-da^x—a^ is a product, and x^ ^2ax 
+a* is one of the factors, what is the first term of the 
other factor ? 

By what must x^ haye been multiplied to make x^ ? 

2. Divide 6a2a;2 +a;* — 4aa;3 +«* — 4a3a;by a;* +a2 — 2«a:. 

Operation, 
divisor. dividend. quotient, 

a^-'2ax-{-x^)a^-'ia^x-{-6a^x^—4ax^-{-x^{a^'-2ax-^x^ 

a^—2a^x-^ a^x* 

-'2a^x-{-6a^x^—^ax^ 
'-2a^x + ^a^x^—2ax^ 



a^x^^2ax^+x^ 
a^x^'-2ax^-\-iv^ 
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Explanation. — Having arranged the dividend and divisor with 
reference to the exponents of a, and placed the divisor on the left 
of the dividend, as a matter of custom * I know that the highest 
power of a in the dividend is produced by multiplying the highest 
power of a in the divisor by the highest power in the quotient. 
Therefore, if I divide a^, the first term of the arranged dividend, 
by a*, the first term in the arranged divisor, I get a* as the highest 
power of a in the quotient. Now, as I wanw to find how many 
times a^—^ax-^-x* is contained in the dividend, and have found it 
contained a* times (and more), I can take this a' times the divisor 
out of the dividend, and then proceed to find how many times the 
divisor is contained in what is left of the dividend. Hence I mul- 
tiply the divisor by a* and subtract it from the dividend, leaving 
— 2a*a;+6a*aj*— 4ax'+aj*. The same course of reasoning can be 
applied to this part. Thus I know that the next highest power of 
a in the quotient will result from dividing the first term of this 
remainder by the first term of the divisor, etc. When this proc- 
ess has terminated I have taken a', and —2ax, and x*, times the 
divisor out of the dividend, and finding nothing remaining, I know 
that the dividend contains the divisor just a'— 2a2+a;' times 

33. Wl£,— Having arranged dividend and divisor 
with reference to the same letter, divide the first term 
of the dividend by the first term of the divisor for 
the first term of the gicotient. Then subtract from 
the dividend the product of the divisor into this term/ 
of the quotient, and bring down as many terms 
to the remainder as may be necessary to fann a new 
dividend. Divide as before, and continue the proc- 
ess till the worh is com,plete. 

[Note. — The first three of the following examples are arranged 
for division.] 

* Some prefer to put the divisor on the right, and write the quo- 
tient under it. 
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3. Divide a;*— 3aa;»— 8a»a:» + 18a»a:— 8a* bya;«+2aa; 
— 2a«. Quoty a;*— 5oa;+4a*. 

4. Divide a»-5a*J + 10flj«J«-10flj«J»+5a^*-^« by 
6. Divide6a*J«+3a»J»-4fl«J*+}« by 3a8J-.2aJ» + 

6. Divide 4fla:+4a;*+a* by 2a5+a, 

7. Divide a«^» + ^»+a8J«+a» bya«-a^+S«. 

8. Divide 10flk?+3c»+3a«+4J«+8ai+8Jc by 2J+a 
+3c. 

9. Divide 4a*— 64a by 2a— 4. 

Operation. 

2a— 4)4a« -64a(2a* +4a» +8a« +16a 
4a»-8a* 



8a* 
8a*-16a» 



16a» 
16a»-32a« 

32a«-64a 
32a«— 64a 

Observe that it is not necessary to bring down the term —64a 
nntil we reach one in the partial subtrahends which is similar 
to it, %. e. , in this case, not until the last. 

10. Divide 6y«— 96y« by 3y— 6. 

11. Divide a* +4a;* by a^—2ax+2x*. 

12. Divide a* —a;* by a*+a'a;+a*ir*+aa;*+a;*. 
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13. Divide y*+4y«a;«—32z* byy + 25;. 

[Note. — If the division is not exact, the remainder may be treated 
as in arithmetic] 

14. Divide a:'— y^ by x-\-y. 

15. Divide 26a;-19 + 2a;3-19a?« by a;-8. 

16. Divide x^—y^ by a:— y. 

17. Divide «*— y* by x-\-y. 

18. Divide x^—y^ by x—y. 

19. Divide 4a;*— 5c«a;«+c* by 2x^Scx+c*. 

20. Divide a*— 2a«a:« +a;* by a« +2«a;+a;«. 

21. Divide l2-4a-3a«+a» by 4-a«. 

22. Divide ^y^'—Qy* + 6y-l by 2y« +3y— 1. 

23. Divide 2a;* -32 by a;-2. 



SECTION IX. 

USE OF THE PABEJ^THESIS. 

84a— A parenthesis ( ) indicates that all the gicantities 
included are to be considered as a single quantity, 
or to he subjected to the same operation. 

1. What is 3(a + J) ? da{a^-c) ? (a-b){a^-h) ? 

What is to be done to a+& in the first case ? 

What does the parenthesis mean which encloses 
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What is it that is to be multiplied by 3a ? 
What is a—h to be multiplied into ? 

2. Does 5ac—d meau the same as 5a{c—d) ? 
Into what is 5a multiplied in the former? 
Into what in the latter ? 

3. Do x^—y^-^x—y and (a?*— y*)-r-(a;— y) mean the 
same thing ? 

What division is indicated in the former ? (Only — y* 
is divided by x,) 
What division is indicated in (a;* — y * ) -r- (a;— y) ? 

4. What is (a;»-l)~(x-l) ? 

Does (a;^— l)-ra;— 1 mean the same as the former? 
What is x^—1 to b^ divided by in the first case? 
What in the second ? 

(a;3— l)-^(a;— l)=a;«+a:+l. 

5. In the expression 3a;+2y— (:c— y) what is to be done 
with a;— y? 

How do you subtract a quantity ? 
Show that 3a;+2y— (a;— y)=2a;+3y. 

6. Show that a;«+2a;y+y* — (a;*— 2a;y+y«)=4a:y. 

7. Whyis3a-25-(a; + 2)=3a-24-a;-2? 

35* When a parenthesis occurs in a polynomial, preceded 
by a — sign, if the parenthesis is removed, the signs 
of all the terms which were within must be changed, 
since the sign — indicates that the quantity within 
the parenthesis is a subtrahend. 

8. Eeraove the parenthesis from 3aj«— 2y— (2a;— 1). 



« « 
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9. If we remove the parenthesis from 3a + 3d + (ic— y) 
must we change the signs of the terms now within it ? 
Why? 

What is to be done with the x—y ? 

Do we change signs in order to add quantities ? 

10. What is the yalue of 4a;— (2a;— 3) when a;=5 ? 

11. What is the value of aJ— 3a (1— a) when a=2, 
and ^=3 ? Ans.y 12. 

12. What is the value of ah + ^a (1— «) when a=2, 
and J=3 ? 

13. Explain that a + ( + *)=a+^; a + {— ^)=a— ^; 
a— ( + ^)=a— ^; a— (— ^)=a+^. 



SECTION X. 

FACTOBIJfG. 

36. The Factors 0/ a nurriber are those numbers 
which multiplied together produce it, A Factor is, 
therefore, a Diviaer. A Factor is also frequently called 
a Measure, a term arising in Geometry, 

1. What are the factors of 15 ? Of 21 ? 

2. What are the factors of ah ? Of ^mn ? 

3. Resolve 12 into 2 factors. Resolve it into 3 factors. 
In how many different ways can 12 be resolved into 2 

factors ? 

4. Is Sa a factor of 3ax* ? 
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What is the other factor ? 
Why are 3a and x* the factors of Sox* ? 
Are ^ax and x also the factors of 3az* ? 
Are 3a;* and a also the factors of 3aa;« ? 
Are 3 and ax^ ? Are ^x and aa; ? 

6. Resolve 15a* x' into two factors in as many diflferent 
ways as you can. 

Resolve 15a*a;* into as many different factors as you 
can.* 

87* A Monomial canhe resolved into asmany different 
sets of factors as there can be nubde groups of the 
fOfCtors of the numericaZ co-efficient, and the literal 
factors which enter into it. 



1. Four times x and 3 times x are (4+3) times x, or 
(4 + 3) X. 

In like manner how many times x are a times x and 
b times x? 

2. 2a* times y and 3b times y are how many times y ? 
How is the result written ? Ans^y (2a* +3^)y. 

3. Write by use of the parenthesis dm times x^ plus 2n 
times X, plus x. 

4. Five times x minus 3 times x are (5—3) times x, or 
(5-3) X. 

In like manner write 2a times x minus db times x. 

* Of course this means without the use of fractional exponents, 
of wiiich the pupil is supposed to know nothing as jet. 
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5. Write 3 times y, minus 2b times y, plus y, by use of 
the parenthesis. 

6. If we consider 5a, 2b, and c, as the co-efficients of x 
in the terms 5ax, 2bx, and ex, how many times x have we ? 

How is it written ? 

7. Considering 3m*, 6, and 6aJ* as the co-efficients of 
y, what is the sum of 3m*y, 6y, and Qab^y ? 

-4n5., (3m«+5H-6aS«)y. 

38* This process is called adding the terms with 
reference to the common letter y. 

8. Add with reference to x, the monomials 2Xy 3nx, and 
abx. 

9. Add with reference to y, the monomials 2ay, — 36y, 
y, —cy and «y. Sum, (3a— 3^+1— c)y. 

10. Add with reference to x, a^x, and —x. 

11. Add with reference to y, 2ay, and — 36y. 



JEietnoving a Letter which is a Common Factor, from, 
each Term, of a JPolynom^ial. 

1. What is the product of a and a—x? What are the 
factors oi a^^ax? 

2. What is the product of 3 and a + b? What are the 
factors of 3a +3^? 

3. What is the product of 3a* and 1— -a? What are 

the factors of da^^da^ ? 

3 
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4. What is the product of 2a— %b and x ? What are 
the factors of ^ax—^bx ? 

89. Any factor which occurs in every term of a poly- 
nomial can he removed by dividing each term of the 
polynomial hy it, 

5. What are the factors of fl*a;— a;? 

6. Show that mx^ +wa;* = (wi + w) x^ ? 

7. Write 2ax—x as the product of a binomial factor 
into X. 

8. Write 12ax^'-3x^-{-x^ as the product of a tri- 
nomial factor into x^. 



1%6 Square of the Sum, of Two Numbers, 

1. What is the product of « + J and a+b? 
What are the factors of a^+2ab-{-b^ ? 

2. What is the product of x-{-y and a; 4-^ ? 
What are the factors of x^-\-2xy-\-y^ ? 

3. What is the product of 1 4-a; and 1 + rc ? 
What are the factors oil-\-2x-^x^ ^ 

40. We see from the last examples that tJie sqmare 
of the sum of two numbers equals the square of one 
of them, + twice the product of the two, + the square 
of the other. Thus (a + b) (a + b) is the square of the 
sum of the two numbers a and b, and is equal to 
a«+2ab+b«. 

•1. Resolve a^ -\-iax-\-ix^ into ils factors. 
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5. Eesolve 4a*'i'12ax+9x* into its fiictors. 

6. Besolre l-^ixy+^^y* into its factors. 



The Square of the mfferetkce Qf Two Numbers. 

1. What is the product of x—y and x^y ? 
What are the factors of x*''%xy^y* ? 

2. What is the product of m—n and m—nt 
What are the factors of m»— Zmw+w* ? 

j 

3. What is the product of 1— a; and 1— a: ? 
What are the factors of 1— 2a;+a:* ? 

4. What is the product of 2—x and 2— a:? 
What are the factors of 4— 4ii;+»« ? 

41. From these examplee, we see that the sqiMure of the 
difference of two nurribers is equboi to the square of 
one of them, — twice the prodi/uct of the two, + the 
square of the other. Thus (x— y)(x— y)=x*— 2xy+y*. 

& Besolve 9a»— 6ay+y* into its factor& 
6. Besolve a»a;*— 2aa;+l into its factors. 
7* Besolve 4a«a;»-12a&i:y4-9d*y* into its fectora. 



The Product of the Swn and Difference of Two 

Kumhere, 

1. What is the product of a;+y and x—y? 
What are the factors of x^ — y» ? 
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2. What is the product oi a+h and a— J ? 
What are the factors of a*— 5* ? 

3. What is the product of 1+a; and 1— a; ? 
What are the factors of 1— a;* ? 

4. What is the product of 2+ a? and 2— ajp 
What are the factors of 4— a;' ? 

42, We 8609 from these examples, that the product of the 
sum and difference of two numbers is equal to the 
difference of their squares^ Thus (x+yXx— y)= 
x*-y*. 

5. Eesolve 4a;*— 9y* into its factors. 

6. Besolye a'a;* — c*y* into its factors. 

7. Eesolve w*n*— 16 into its factors. 



IHvisars of the Difference or Sum of the same 

Powers of Two Numbers. 

1. Will x—y divide »*— y* without remainder? 

Try it. 
Wmitdividea;«-.y3y 

2. Will x^y divide ofi—y^ without remainder 
Try it 

Will it divide x^ — y* ? 

3. Will x+y divide a;*-y* ? 

Will it divide a;* +y*? 
Will it divide a:« +y« ? 
Try it in each case. 
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43* The diflTerenoe between any two quantities is a 
divisor of the difference between the same powers of 
the quantities. 

The sum of two quantities is a divisor of tJie differ- 
ence of the same even powers, and the sum of the same 
odd powers of the quantities* 

4. Is a—} a factor of a'— S' ? If so, what is the 
other factor ? 

5. Is a+b a factor of a' + J« ? If so, what is the 
other factor ? 



SECTION XL 

COMMON' DIVISORS. 

1. Will 3 divide both 12 and 15 without a remainder? 
Is 3 therefore a divisor of 12 ? 

Is it also a divisor of 15 ? 

Is it a Common Divisor, of both 12 and 15 ? 

2. Will a divide both Zax and 2a* without a re- 
mainder ? 

Is a therefore a divisor of Zax ? 

Is it also a divisor of 2a* ? 

Is it a Common Divisor of both Zax and 2a* ? 

44. A Common Divisor is a common integral \ factor 
of two or more numbers. 

* It is not deemed expedient to give demonstrations of these 
propositions. Let the pupil learn them, and how to apply them, 
f Since the genius of the literal notation makes the letters strictly 
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3. What comtnon diyisor have %ay and 2a*a; ? 
Have they more than one common divisor ? 

4. What common divisor have Iha^xy and 12abx* ? 
Have they more than one common divisor ? 

How many ? 

5. What common divisoiB have l^^x* and ila^cx^ ? 
Is ^ax a common divisor ? 

Is7a«a;? Isac? Is 7c? Is 7a«a;8 ? 
What 13 the common divisor of 14^'a;* and 2la*crc* 
which contains the highest number of factors ? 

6. What are all the common factors, or divisors, of 
6a^hy^ and 4a*cy* ? 

What is the product of aZZthe common factord of these 
numbers ? 

What then is their common divisor which has the 
highest number of factors ? 

45* The Highest Common Divisor of two nurribers is the 
prodUfCt of all their common factors. 

7. What is the H. C. D.* of 10a»y« and 4a«Jy» ? 

8. What is the H. C. D. of 127nn^x*y and 30m«w»y ? 

46. A Prime Number is one which has no integral 
factor other than itself and unity. 

general in their signification, we cannot aflarm that a, or 6, or x, is 
an integral factor. We can only affirm with strict propriety that 
such have the integral form ^ a may be a fraction or a mixed num- 
ber ; as also may any letter. But this discrimination need not be 
urged upon quite young pupils, however important it is in itself, 
shice failure to notice it will give them no pradlsiMX difficulty. 
♦ H. C. D means UgheH oomm&n dMgar. 
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47. RULE.— To find the H. C. D. of two numbers, re- 
solve them into their prime faetors, and take the 
product of all the camnnon factors. 



JEEighest Camtnou JHviacr of Poiynamiais, 

1. What are the prime fectora of 2aa;«— 2fly*, and 
6x« + 12a;y + 6y « ? What the H. C. D. ? 

Suggestion^ 2aaj*— 2ay*=2a(aj«~y«)=2a(jr— yK«+y)- ^* + 
12ajy+6y*=6(a;«+2a:y+y*)=2-3(«+yX«+y)- We now see that 3 
and x-i-p are the only common factors. Hence their prodact, 

2x-\-2y, is the H. C. D. 

2. What is the H. 0. D. of Sa*x+4a^Xy and a»y— 
5a«y3 2 

3. What is the H. C. D. of 5a»c+10a»c«, and 10a«& 
—6a^bx? 

4. What is the H. C, D. of 2fla;«— 6a«y, and 4a«a;+ 
8ay«— 2«? Ans^2cu 

' 5. What is the H. C. D. of «a;*+2a*a;+a', and ax^ 

6. What is the H. C. D. of 3ab*—12ax*, and 6a«i» + 
24a«te+24««a;« ? 

7. What is the H. 0. D. of Ux^ -4^^ and Sb^x^ - 
8^«a;*y2 ? A71S., 4*a;— 4% 

8. What is the H. C. D. of I0ax^3ay, and 14a;«y+ 
21axt/^ ? 
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SECTION XII. 

COMMOJ^ MULTIPLES. 

48. A Common Multiple of two or more numbers is an 
integral nuunhber which contains ea^h of them/ as 
a factor, or which is divisible by ea^ch of them/. 

1. What are all the factors of 30 ? 

Will an j> number contain 30 which does not contain 
all the factors of 30 ? 

2. What are the factors of 6 ? 

Will any nnmber contain 6 which does not contain 
the factors 2 and 3 ? 
Does 9 contain both of the factors of 6? 
Will 9 contain 6 ? 
What factor is lacking ? 

3. Will 56 contain 15 ? 

What factors of 15 does 56 lack ? 
Does 54 contain all the factors of 15 ? 
. Does it contain 15 ? 
What factor of 15 does it lack ? 

4. Does 42 contain all the factors of 6 ? 

Does it contain any other factors than those of 6 ? 
Does its containing other factors prevent its contain- 
ing 6? 
Is 42 a mnltiple of 6 ? Why ? 

5. Does 12a*a: contain all the factors of Sax ? 
Does it contain any other factors than those of Sax? 
Is 12a'2; a multiple of Sax? 
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6. Is 16w8y« a multiple of ^mx ? Why not ? 
Does it contain all the fiEictors of %mx ? 
What one is lacking ? 

If you put in the lacking factor, will it (16w*ny*) be a 
multiple of 8w2;? 

7. What factors must you put into Sa^y* to make it 
a multiple of 6a'y ? 

49. One number, to be a multiple of another, must 
contain all its factors. 

8. Is 16 a multiple of both 8 and 4 ? 
Does 16 contain all the factors of 8 ? 
All the factors of 4 ? 

9. Is 42a*a;* a common multiple of 6aa; and 7aa;*, 
f. e», does it contain all the factors of each ? 

10. Can a multiple of any number be less, or of lower 
degree, than the number itself? 



Least or Lowest Multiples^ 

50. A number is its own least or lowest multiple. 

1. Can 70 and 42 have a common multiple less than 
70? 

Caa any two numbers liave a common multiple less 
than the greater of the two? 

Is 70 a common multiple of 70 and 42? Why not? 
Ans. Because it does not contain 42 ; and it does not 
contain 42 because it does not contain all the factors of 
42. 

3* 
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What factor nrast be put in with 70 in order to make 
a product which will contain 42 ? 

6L Two mimbera cannot have a coimnon nualtiple 
less, or of lower degree, than the larger, or the one of 
the higher degree. 

2. Can haH^ and Ya^Jx have a common multiple 
which does not contain all the factors of ba^b^ ? 

Can it have one whidi does not ^oontain aJi Hkt^ f»/D^B 
oitaHxl Why? 

What factors has ^aHx which haH^ has not? 

If we multiply 5a^ J* by all the factors of *laHx, which 
it does not already contain^ will the product be a com- 
mon multiple of the two numbers? 

52. The Least Comimm Multiple o/^o or more numbers 
is the least integral number which is divisible by 
each of them. 

58. RULE.— To f/nd the X. C. M.^ of two literal nvmv- 
bers, multiply the number of highest degree by all 
the factors of the other number which are not found 
in it. This product is the L. C M- 

Reason. — ^This product oontaini eaeb number because it oon- 
tains all the factors of each. It is the L. C. M. because it contains 
no unnecessary factors. 

3. What is theL. C. M. of a;«+2a:y+y« and 3aaJ« — 
3«y«? 

Sfiggestion^ — ^The factors of ir* +2ay +y' are ««f y amd a*+y. 
Of 3aa;* — 3ay* the factors aare 3a, a>- ^, and x^y. Hence (Soa;* — 
8ay*)(ic+y) is the L. C. M. 

* L. C. M. signifies lowest common multiple. 
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4. Find the lowest common multiple of ax^^ 2a*y, 
^y + y^y and ax^+^x*. 

L. O. M.y Sa^x^y^ +2a^x*y^ +32a^x^y+8a^x^y*. 

5. Find the lowest common multiple of 2ay*, 4fly', 
2a;— 4:a:«, and x^ +fla;*. 

6. Find the lowest common multiple of 3a*, oa;*, 
3a + 6o«, anda;'— 3a;«. 

L. a M,y 3a«a;»+6a8a;»— 9a«a;«-18a»a;«, 

7. Find the lowest common multiple of 4y*, 2ay*, 
5a— 5a^, and 10a— 5. 

8. Find the lowest common multiple of 5a, lOaby 
3y+3y«, and 6y» + 3y«. 



SECTION xni. 

FRACTIOJfS. 

54. For the varioiM operatiom upon fractions in the 
literal notation, the ordinary rules of arithmetic for 
the corresponding cases apply, only that tJie funda- 
mental operations of addition, subtraction, multi- 
plication and division, are performed by the pre- 
ceding rules. 

55. It 18 to be observed, however, that the conception 
to be taken of a fraction, in the literal notation, is, 
that it is an indicated problem in division, the nu- 
mercutor corresponding to the dividend, and the de- 
nominator to the divisor ; and hence, that the value 
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of the fraction is the quotient of the numerator dU 
vided hy the denominator. Ml the operations are to 
he explained on these principles* 

56. The same terms, as Integer, Entire, Mixed, Proper, 
Improper, etc., are used in reference to fractions vn 
the literal notation as are used in arithmetic, and 
with a significance so similar that the definitions 

need not he repeated. 

-f 

67. Reduction, in mathematics, is changing the form 
of an expression without changing its value. 



Reduction to Lowest Terms* 

68. RULE.— T(9 reduce fractions to their lowest 
terms, reject all common factors from hoth terms, 
or divide hoth terms hy their H. C. D. 

Reason. — The numerator being the dividend and the denomina- 
tor the divisor, rejecting common factors does not alter the quo- 
tient, which is the value of the fraction. Thus it is evident that 
if a divisor goes into a dividend 8 times, half that divisor will go 
into half that dividend 8 times, etc. Hence, rejecting common fac- 
tors from numerator and denominator does not alter the value of 
the fraction. Again, when all common factors are rejected, the 
fraction has the lowest possible numerator and denominator, since 
to reject any factor from either which is not common would change 
the value of the fraction. 



* It will not do to say of y that h indicates that a quantity is to 

be separated into h equal parts, etc., since the genius of the literal 
notation requires that h represent any quantity, fractional as well as 
integral. 
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1. Reduce -rz t-= to its lowest terms. 

26a^fn*x _ 5-$juif^tf^ _ ba 
UPEBATIOK. i5^,;jSa.«-3.Wm)fi^i^a;""3wia?' 

2. Reduce ^^, ^ to its lowest terms. 

3. Reduce ^f'l'i'"/?'/ to its lowest terms. 

Suggesiian^—DMde muneiator and denominator by 4a*b, 

4* Reduce — ^ ^^~I ^ to its lowest terms. 

terms. 

SuggesHan* — In attempting to reduce such a fraction, first ob- 
serve whether there is a common factor in the numerical coeffici- 
ents. In this case 7 is such a factor. Then notice if any letter or 
letters are common to all the tenns, and the term or terms which 
contain the lowest powers of these letters. In this case a and x are 
in each term. There are two t«rms which have simply a, and two 
which have 2*. Hence, we can divide numerator and denominator 
of the fraction hjlax*. f^ould we by ?«««« ? By7aa»? Why 
not ? After having removed the monomial, factors, examine the 
resulting fraction and see if any binomial factor exists. In this 

- 2ax—9x*+Sa* 
case we have — r— r — - — . If there is a binomial factor, we can 



* Of course in practice this step is omitted. But the student 
should see that it is always implied, and it is a convenient form to 
indicate the cancellation. 



02 INTRODUOTIOM TO ALGEBRA. 

detect it easiest in the denominator, since, if this can be factored 
it must be by (42). 

6 Reduce l^«^^'y'-l8<^^^^y^+ 4^^^^^y^ to its 

lowest terms. JtesulL — "^ — • 

7. Eeduce . o ^ — :u^-i — . ^q « — ^ ^^ lowest 
terms. 

*• ^^'"'^ Sk« 4- 46*0:4-263 *^ '*^ ''''''^ *^™^ 



Suggesiion^ — ^Having removed the monomial factor there re 
^^^ "i — nxZ — hi* Factoring the numerator it becomes aj(aj*— 6*), 

or aj(a5— 6){aj+&), by (42). Now liie question is whether any 
factor of the numerator is found in the denominator, and henoe 
can be canceled. 

9. Eednee ^^ ..g- to its lowest t^ms. 

10. Seduce ^ — ^ to its lowest terras. 

Result f — ^. 

x-y 

3a* +3a*a:— 3a*«*— 3a'a;3 
terms. 

12. Reduce - — 5 — ^-^ to its lowest terms. 

x^ —-xy^ 
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To Seduce a FrtuAUm from an Improper to an Inte^ 

gral or Mixed form. 

6B. RULE-— P^r/o/TM. the division indicated. 

BfEASON. — As a fraction is but an indicated operation in division 
we may perform the operation and get the quotient, which is the 
yalue of the fraction. 

!• Reduce — '^ to an integral fonn. 

Result^ JB— a. 

Suggestion* — ^Divide the nameiatpr by the denominator. 
2. Beduge ^ — ^ to an integral fpnn. 



3L Beduce r-s *o ^n inte- 

gral form. 

4. Keduce = — ; to an integral form. 

r T» J 12c«4-8acJ«a:«— 3<w»— 2a«a;» . . . 

6. Beduce s — ^ — • to an mte- 

gral form. 

6. Bednce — — to an integral or mixed form. 

y 

Opekation. ^- — r* The term ay can be divided by y, 

a + - 

y 

giving a. But we can only indicate the division of b by y, by 
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writing it in the form — ; and as the sign of both h and y\&+, the 

b 
quotient, ~, is + , and iB to be added to a. 

7. Jieauoe to an integral or mixed 

ox 

4 

fomu Result, 4a;« — 2 + — . 

ox 

8. Bednce to an integral or mixed form. 

x^ 

BestiUf 2az . 

a 

Query.— Why has — the — sign? 

9. Beduce to an integral or mixed 

a+x ° 

x^ 
form. Result, a^—ax-^x^ — aj* 4 



a-{-x 



10. Reduce to an integral or mixed form. 



11. Eeduce — ^r ^rr — to a mixed fomu 

12. Reduce r- to a mixed form. 

13. Reduce 6«'+5^-»*. 

3a»+2ax 

14 Eeduce 27«'-3&'-4^+9«'. 

9a« 
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To Meduee Mixed farms to Improper forms. 

60. miE— Multiply the integral part hy the given 
denominator, and annexing the numerator of the 
fractional part, if any, write the sum over the given 
denominator. 

Dim .*— In the case of a number in the integral form, the proc- 
ess consists of multiplying the given number by the given de- 
nominator and indicating the division of the product by the same 
number, and hence is equivalent to multiplying and dividing by 
the same quantity, which does not change the value of the num- 
ber. The same is true as far as relates to the integral part of a 
mixed form, after which the two fractional parts are to be added 
tc^ther. As they have the same divisors^ the dividends can be 
added upon the principle that the sum of the quotients equals the 
quotient of the sum. 

1. Sednce 2a— x^ A to a fractional form. 

a—x 

Model SOLunON.t— Multiplying 2a— «■ by o— a;, I have 
2a'— 00?'— Sao? +05', which divided by a— a?, of course equals 

« • *. • 2a*— oa?*— 2aaj+aj' _ , 3aa;— 4a* 

2a— a?* ; or 2a— »*= — — /. 2a— aj*+ = 

a — X a—x 

2a*— oa;*- 2aaj-*-aj* . 8aa?— 4a« _ . ^, ... ._^ 

. But, as the sum of these two 

a—x a—x 

* This abbreviation stands for " Demonstration" A demonstra- 
tion is a proof of the correctness of a rule, or the truth of a state- 
ment. It is a more formal and scientific statement of what has 
heretofore been called ** Bectsons." 

f These solutions are designed as models for the pupil in the 
explanations given by him from the blackboard. In the earlier 
part of this very elementary treatise it is thought that the pupil is 
introduced to so many new ideas, that it would be unwise to attempt 
much rigor in regard to his style of explanatioa 
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quotients equals the quotient of the sum. I have, after uniting 
similar tenns, ^'-^'+^-^!. 



a—x 



3y 



2. Eeduoe 2«-^ to the form of a fraetion. 

JO 

3. Eeduce a+^-?^!i^±£! ^ the form of a frac- 
tioiL 

»ugge^m^^ThB integnl part, «+«, multiplied hy the da- 
nominator, «-». gives a^-^ti^. Now notice that the numerator, 
a«+2a«+art,istobe mibinuUd ttoai this, as the sign before t&e 
fraction is — . If we subtract a«4-aaaj4.«« ftmn a*— ««, we have 

-2«»-3»». Hence the resuU is ^^^^^ , or ^ ^^"^"^ . 

We may also write this thus : 

'*"^'^ i=:i— = l[=i • Now the quantity 

in the pareiMhesls is to be subtracted fiom thea'— «^ Hence, 
changing the signs of the terms in the parenthesis, and dropping 

the marEs, we have ; ^« Uniting similar 

terms, this becomes - 



a— a? 



4. Reduce 1 , . ,, — to the form of * frac- 

as 4- 6* 

tiou. Se»ulL r-. 

5. Eeduce a—x-h ; to the form of a frac- 

a-hx 

tion. Result, ?^^^. 

a-^x 

/^x^ 5 

6. Reduce 9x — to the form of a frg-ction. 
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7. Eeduce ^ax to the form of a fraction, 

y 

8. Beduce lx—*^y^ ^ to the form of a frac- 

x—y 

tion. 

9. Reduce a-\-x to the form of a fraction. 

x^ 

10. Eeduoe«»'^aaj+«*— — - to the form of a flrao- 

a-\-x 

tion. 

a;«_f/«4.7 

11. Beduce x^-y ^ to the form of a frac- 

tion. 



To Reduce Fractions haviug different J>enoinina^ 
tors to JEquivaient FracHons having a Hknnmon 
I>enonUnator. 

61. WLE,— Multiply both terms of each fraetiofh 
by tht deiwmiiuitors of all the other fractiond* 

Dem.— This gives a oomniKm deiumiittAtof^ beoaiise eacli denomi- 
nator is the product of all the denominators of the several frac- 
tions. The value of any one of the fractions is not changed^ 
because both numerator and denominator are multiplied by the 
same number. 

1. Eeduce the fractions — , -^, and — ^, to 
equivalent fractions haying a common denominator. 

MODHTL SoLUTiO]r.««-MnUipl7lng both teraus of the fraction ~ bj 

9 
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a+ & and a^h, or by a* —6', I have — = ^s- » which has the same 

X 

value as — , since the numerator and denominator have been 

y 

multiplied by the same number. In like manner multiplying both 

terms of z by y and a—h, I have — — — z-^ , the 

a+6 ^ a*y—h*y 

2 5 

value of which is the same as : , since, etc. Finally, mnl- 

tiplying both terms of ^ , by y and a+B, I have 

— ^ ^^ — ??^^ — ^^ » which has the same value as r > since, 

etc. These fractions have the common denominator a*y^h*y, as 
in each case the new denominator is the product of all the old 
ones. 

2. Bednce ~, — , and -, to equivalent fractions 

X y z 

having a common denominator. 

3. Beduce ^, — , and j,to equivalent fractions 
having a common denominator. 

4. Beduce — — , , and 5, to equivalent frac- 

x-\-y X — y o 

tions having a common denominator. 



To Bediice Fractions to Equivalent FracUtma hav-^ 
ing the Lowest Comnuni Denominator. 

62. RULE.— J?Y7i^ the lowest common muMipleofaM 
the denominators, for the new denom/inator. Then 
multiply both numerator and denominator of ea^^h 
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fraction by the qiwtient of the lowest common de- 
Twminator divided by the denom/inator of that frac- 
tion. 

Dem. — The purpose in getting the L. C. M. is to get the lowetil 
number which can be divided by each of the denominators. The 
process does not change the value of the fractions, since it does 
not alter the quotient to multiply dividend and divisor by the same 
number. 

5. Beduce = , -r^ r-, , and ;-; r^, to eqiiiva- 

1— a (1— a)* {I— ay 

lent fractions having the lowest common denominator. 

Model Solution. 

Operation. — The L. C. M. of 1— a, (1— a)*, and (1— a)' is 

• qx(l~a)* _ a-2a*-¥a^ ' a*x(l--a)r _ 

^ ^^ ' (l-a)x(l-a)*"l-3a + 8a*-a^' (l-a)« x(l-a)"" 

a* —a' , «■ a* 

, and 



l-3a + 3a*-a^' (!-«)• l-8a+3a*-a*' 

Explanation. — By inspection I observe that (1— a)' is the 
L. C. M. of the denominators, since it is the lowest number which 
contains itself, and it also contains each of the other denomina- 
tors. Now, to make the denominator of , (1— a)*, I must 

1—a ^ 

multiply it by (1—a) ^-*- (1—a) ; t. «.,by(l— a)*. But to preserve 

the value of the fraction, I must multiply the numerator by the 

... riru ^ a(l— a)* a— 2a* + a' 

same quantity. Thus z =-pz rr-=T — —-z ; etc. 

^ 1—a (1-a)-* 1— 3a+3a*— a* 

6. Eeduce -j-, ^ , and -w-j- j to equivalent frac- 
tions having the lowest common denominator. 

dx^y^ 4:ay 2a— 2x 



Equivalent fractions 



12y^ ' 12y» ' 12y^ 
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7. Reduce -z -. , , and — r— , to equivalent 

fractions having the lowest common denominator. 

8 to 11. Reduce the following sets of fractions to 
equivalent sets having the lowest common denomina- 
tors. 

Q a i ,1 

t. 

10. -^ r, -— — , and 






2x^-2xyi' 6(a;+y)»' 



To JLdd JPVac^ioMA. 



1. Twelve divided by 3, +15 divided by 3, +21 di- 
vided by 3, makes how much divided by 3 ? 

2. Eight divided by 6, +11 divided by 5, +3 divided 
by 5, makes how much divided by 5 ? 

3. a divided by J, +(? divided by J, +d divided by b, 
makes how much divided by J ? 

4.18-+- + ^ equal to ^^ • Why? 

n n n ^ n "^ 
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6S* Th* turn of the quotients of several nurrvbers di- 
vided hy the same number is equal to the sum of the 
Thumbers divided by this common divisor. 

64i RULE.-^2b add fractions reduce them to forms ' 
Jtaving a comwA>n denominator, if they have not 
siLch a form, and thefi add the numerators, and 
zurite the sum over the comTnon deriom^inator, 

Dem. — The redaction of the several fractions to forms having a 
common denominator, if ihej have not one, does not alter their 
values (62), and hence does not alter the sum. Then, when they 
have a common denominator (divisor), the sum of the several quo- 
tients is equal to the quotient of the sum of the several dlvide&ds, 
divided by the common divisor, or denominator (63). 

5. Add 2' 3» *^^ 5* 'S'wwi, -g^. 

Model SoLunoir. — Reducing the fractions to equivalent ones 
having a common dehominator, I have 

X 

2 
8 

X 

S""2«3-5"~30* 

As the new fractions are equivalent to the given ones, I have 
XXX 15aj l(te 6aj 81aj . ., * ., 

a + S + S^W + "80 +30 = W """* *'"" ^"^ of the quo- 

tients is equal to the quotient of the sum of several numbers di- 
vided by the same number (68). 

6. Add — -i and — ^- * Suniy — ^ . 



3»5a; 


15aj 


3-5-3 


"■ 30 • 


2»5a; 
2*5-3 


lOaJ 
~ 30* 


2-3a; 

. ; 


ex 
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7. Add 


2— a; 
5 ' 


, 32:-l 
and ^ . 


„ 13a;-l 

Sum, ■ ^^ . 


8. Add 


a-*' 


, a—b 

and —-7- 

a+b 


„ 2a»+2J» 


9. Add 


1-x* 
1+x** 


and r r. 

1— »» 


a 2+2a;* 


10. Add 


1 

1+z' 


and :; ?• 

1— a;« 


• 


11. Add 


X 


and -TTi- 

a;+2 




Va. Add 


1+x* 
1-x*' 


ana . , , • 


• 


13. Add 


a* 
a^—x* 


y , and 

a—x 


a 
a+x 
^ ax+a-hx 

Sumy r r- . 

a*— a;* 


14. Add 


SrK. a 4 


3^ 1 A 
• aiifl 4-7:— 


6a 



Suggestion, — In adding mixed numberB it is usually best to 
add the integral and fractional parts separately. 

15. Add 4^;, 32; H — ^—^ and 5a;— " 



2x 



16. Add -1_ and -^- . 
^^—y* a;*— y* 

Sum, 



x+f/ 



x^—x^y-hxy^—y 
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To Subtract Fractions. 

1. Ten divided by 2, minus 4 divided by 2, make how 
much divided by 2 ? 

2. Seventeen divided by 3, minus 11 divided by 3, 
make how much divided by 3 ? 

3. a divided -by J, minus c divided by J, make how 
much divided by d ? 

65. The difPerence between the quotients of two num- 
hers divided by the same number, is equal to the 
difference between the two numbers divided by this 
commjon divisor, 

66. RULE.— lb subtract fractions reduce the frac- 
tions to formes having a common denominator, if 
they have not that form, and subtract tlie numera- 
tor of the subtrahend from the numerator of tJie 
minuend, and place the remainder over the com- 
mon denominator. 

Dem. — The value of the fractions not being altered by reducing 
them to a common denominator, their difference is not altered. 
After this reduction, we have the difference of two quotients aris- 
ing from dividing two numbers (the numerators) by the same di- 
visor (the common denominator). But this is the same as the quo- 
tient arising from dividing the difference between the numbers by 
the common divisor (66). 



4. From subtract — ^ 

x—y x+y 

4 
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Model Solution. 

Ofekation. (x—y%x + y) = «• — y », 

(gH-y)x(a;-4-y) __ g' + ggy+y* 
(aj— y)x(»+y) a;*— y* ' 

(g-y)x(a;— y) __ a;«— 2.rv-t-y« 
(a;+y)x(x— y) a?'— y* ' 

(a}«+2a!y+y*)-(«*— 2a;y+y*) = Axy, 

a:— y a?4y x*—y*' 

Explanation. — ^Tlie L. C. M. of x—y and aj+y is their product, 

since they have no common factor. Hence aj*— y* is the L. C. D. 

/•• .1. «/ 

To reduce — ~ to this denominator I multiply hoth its terms by 
X — y 

aJ+y, which gives it — • ^^ 1^^® manner multiply- 

X — y 

inir both terms of — - by x—y, I have • J^ . I have now 

aj+y ^ " x'—y* 

to subtract r~ ^ » from ^^y_y gince the difference 

aj*— y* a;*— y* 

of the quotients of two numbers divided by the same number is the 

same as the quotient arising from dividing the difference between 

those numbers by the common divisor, I take the difference of the 

numerators (the quantities to be divided) which is4a;y, and dividing 

4j*f/ a5-4-v x~~~'u 

it by x*—y* I have — *— ^^, for tlie reminder of — - less — -. 

«*— y* x—y x-k-y 

5. From — take - . Rem.^ th . 

6. From - take -r . 

7. From — ;;- take — =- • 

6 o 

1 1 

8. From take 



x^y x+y 
9. From r take r. Ii€7n., ^ j 
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10. From -i subtract 



1 + x 1— a;«* 



11. Prom subtract 



x—y x^—y* 

12. From 'Za—dxH subtract a— 5a;H . 

a X 

Suggestion* — In accordance with tlie use of the parenthesis 
(S4), we may indicate the subtraction thus : 

« a — X / » X — a\ 

2a— 3a;+ (a— 5a5+ I. 

a \ X / 

Now removing the parenthesis by (35) we have 

_ - a—x -. x—a 

2a—3x-\ a+5aj . 

a X 

Uniting the similar terms and adding the fractions, we have a-\-2x 

+ . 

ax 

X 1 

13. From a-\-x-\ — = z take a— a:H — --. 

x*—y* x+y 

14. From 5a; ^ — = — take 2x-\ — r^ — . 

15. From 6a H take 2a H . 

a X 

2i/«— 2i/ + l V 1 

16. From ^ ^ — take -^. Rem^ 1—-. 

y*-y y-^ y 



MuUiplication and Division of Fractions. 

67# There are two oases: Ist, when the multiplier or 
divisor is an integer ; and 2d, when tJie multiplier 
or divisor is a fraction* 
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Case I. In Muitlplication. 

68. RULE.— 2(9 multiply a fraction by an integer 
multiply the numerator or divide the denominator. 

Pem. — The reason for this rule is that, as the numerator is the 
dividend, if we multiply it we multiply the quotient ; and, as 
the denominator is the divisor, if we divide it the quotient is mul- 
tiplied. 

1. Multiply -g— bym+w. 

Model Solution. 
Opebatiok. -^x(m+»)=-^^. 

EXPI.ANATION. — Since m—n v& divided by Sicy, if I multiply it 
by m-^n and then divide (or indicate the division), I shall have 
m+n times as large a quotient as at first. But the value of a frac- 
tion is the quotient of the numerator divided by the denominator. 

iffi, — 71, m' — n* 

Hence multiplying the numerator of g^^y »»+^ ^ have , 

which IS m-^n times -^ — . 

2. Multiply ^, by da. 

Model Solution. 

Operation. —^^x3a='^,. 

Explanation.— Since 2mx is to be divided by Sa*h*, if I divide 
the divisor by 3a, thus making it 3a times as small, it will go into 
the dividend 3a times as many times as before. Hence -^ is 

Ba times o-^ri* 
8a*6* 
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3. Multiply ^ by 5a«. 

4. Multiply g^^ by a+J. 

5. Multiply j£^, by 1-cb. Prod., ^ 

6. Multiply ^-^^ by 3a. 

8. Multiply ^^^ by 3y. 



15 a 

9. How much more is 15 than -tt ? a than -r ? 

What effect does it have on a fraction to drop its denomi- 
nator ? 

10. Multiply -=- by 5a. 



Suggestion* — Multiply by 5 by dropping the denominator. 
Then multiply this product. Soar, by the other factor, a, of the 
multiplier. 

11. As in the last, multiply by (1— a;*). What 

are the factors of 1—x^ ? 

69. Dropping the denominator of a fraction multipliea 
the fraction hy the number dropped. 
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12. Multiply ^^— ? by m* +2w;i + w«. 



13. Multiply hj fn^'-^2mn-\-n^, 



14. Multiply ^^^—T) ^y ^' +2^*- 



Case I, In IHvision, 

70, RULE.— To divide a fraction by an integer di- 
vide the numerator or multiply the de?iominaior. 

Dem. — The reason for this may be given in two ways : 
1st. Since division is the converse* of multiplication, we perform 
the converse operations, i. e., to multiply a fraction by an integer 
we myUiply the numerator or divide the denominator ; hence to 
divide, we divide the numerator or multiply the denominator. 

2d. As the numerator is the dividend, dividing it divides the 
value of the fraction, just as dividing the dividend divides *the 
quotient. 

1. Divide — by h 

Model Solution. — Since the value of a fraction is the quotient 
of the numerator divided by the denominator, and dividing the 

dividend divides the quotient, I divide ac by e, and have -^ ■^<'=t- 

2. Divide 7 by c. 

* The pupil may need to be told that converse means about what 
he would mean by opposite, or reverse. The nice distinction 
need not be made, but he should use the right word. 
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Model Solution. — Since the value of a fraction is the quotient 
of the numerator divided by the denominator, and multiplying 
the divisor divides the quotient, I multiply h by e, and have 
a _ a 

Note. — The pupil should be taught also to explain according to 
the first demonstration. 



3. Divide ^ by a?. 

4. Divide — by a. 

6. Divide — by ax. 
ix 



Suggestion. — Divide successively by the factors of ax, i, e., 
divide by a by dividing the numerator; giving -f^. Then divide 

o 

this by X by multiplying the denominator, giving =-y. 



71* Always perform inultiplication and division in 
fractions at much by division as possible, this will keep 
the results in the lowest terms. 



6. Divide ^ by 2a*J. 



6a ^ 
Multiply j^ by2a«*. 



7. Divide by a— J. 

Multiply by a— J. 
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b. Divide by rr— v. 

Multiply ^^ by x^y. 



Case II. In MtOtipiicatian. 

1. If the numerator of a fraction is f and the de- 

nominator \, so that the fraction is j , and you multiply 

both numerator and denominator by 3 x 7, or 21, what 
does it become ? 
Does this process change the value of the fraction ? 

2. If a, i, Cy and df, are integers, and you multiply 

a 

both numerator and denominator of — by Ms what does 

d 
the fraction become? 

Does this process change the value of the fraction ? 

3. How many times greater is 3 than \ ? If, then, 
you want to multiply any number by f , if you first mul- 
tiply by 3, do you get a product too great or too small ? 

How many times too great or too small ? 

How, then, will you get the true product from this ? 

4. If a and h are integers, and wishing to multiply any 

number by ^ , you first multiply by a, is your product too 

great, or too small ? How much? Why ? 
How much more is 6 times 5 than f times 5 ? 
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72. RULE.— jTo multiply by a fraction, multiply by 
the numerator and divide by the denominator. 

Dem. — Let it be required to multiply w, whicli is either an in- 

teger or a fraction, by r . 

Ist. Suppose a and h are both integers. Multiplying m by a 

gives a product & times too large, since we were to multiply by 

only a ^h part of a ; hence we divide the product, am, by 6, and 

- am 
nave -r— . 

2d. When either a or &, or both, are fractions. Let c be the 
factor by which numerator and denominator of -r must be multi- 
plied to make ^ a simple fraction (see Exs. 1 and 2). Then will — 
be a simple fraction, »'. tf., ac and he are each integral ; and the 
multiplication is effected as in Case 1st, giving -r— . This re- 
duced by dividing both terms by c gives ~-j- . Hence we see that 

in any case, to multiply by a fraction, we have only to multiply 
the multiplicand by the numerator of the multiplier, and divide 
this product by the denominator. It is also to be observed that 
this reasoning applies equally well whether the multiplicand is 
integral or fractional. 



5. Multiply ^ by 2^. 

CL OS 

6.' Multiply -^ by -. 

7. Multiply ^ by |±^. 

o njT ir 1 2^ + 3 , 10a? 

8. Multiply — g— by -=-. 

4* 
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9. Multiply -^^ by —^. 

8uggestianr—^\iliili\j . by 2a*, by dividing the de- 
nominator by a, and multiplying the numerator by 2a, thus ob- 

2a(a* &*) 

taining their results , which is to be divided by a— 6. 

oo 

To effect this, divide the numerator, thus obtaining , or 

2a*-^2ab ^ 
86 • 

10. Multiply — ^ — by . Also by 



X* '' a + x a—x 



11. MnWpl, '^ b, 5=1 



Case II. In DiviHofim 

1. How many times is \ contained in 1 ? 

Are f contained as many times in 1 as ^ is ? Why ? 
How many times are f contained in 1 ? 

2. How many times is -z contained in 1 ? ' 
How many times is a contained in 1 ? 
Then -^ is contained how many times ? 

78. A fraction Inverted, i, e., its reciprocal, shows Jww 
many times it is contained in 1, 



* It is thought better to say nothing about cancellation till the 
principle of the rule is well established. 
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74, RULE,— To divide hy a fraction, invert the 
divisor and multiply the result by the dividend, 

Pem. — Let -T be any fraction, and suppose we wish to find how 

many times it is contained in c {c may be an integer, fraction, or 

mixed namber). Now - is contained in 1 -=- time? ; hence it is 

o o 

contained \jie,6 times — times, or — times. 

a a 

3. Divide r- by — . 

4.Diyide7//«by^. Quot ^^^V" 



Uy ' ^ lOaa * 



2a 

5. Divide 6 by -oT. 

6. Divide - by -. 

7. Divide ^" by ^. 

8. Divide —-J by — • — . 

c+d •' x-{-y 

9. Divide r — ^ fey T^ • 

10. Divide —-i by -r — tt . 
a+b ^ a*—b* 
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Complex Fractions^ 

1. If you multiply numerator and denominator of 
2a 

— by 6fty, what will be the result ? 

How would you multiply — by 6^ ? 

How multiply by the factor 3* (M) ? 
How by the factor 2^ ? 

How would you multiply — by 6Jy ? 

How by the factor 2y ? 
How by the factor 3d ? 

76. RULE.— lb reduce a -mixed fraction to a simple 
one, multiply both numerator and denominator by 
the lowest common multiple of the denominators of 
the partial fractions, 

Dem. — This process removes the partial denominators, since 
each fraction is multiplied by its own denominator, at least, and 
this is done bj dropping the denominator. It does not alter the 
value of -the fraction, since it is moltipljing dividend and divisor 
by the same quantity. 

3cy 



2. Reduce -^r- to a simple fraction, and put the re- 

laxy 
suit in its lowest terms. 

3. Reduce ■= to a simple fraction. 

ox— a * 
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2a« 

« 






4. 


Seduce 


2a 
6d» 


to 1 


a. simple fraction. 


6. 


Seduce 


a-\-b 


to a simple fraction. 
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x—y 

Suggestion* — In some cases it is better to conceive the frac- 
tion as a problem in division, and work accordingly. Tlius« in 

a*— 6* a+6 a—h 



this case, we have 



»*— y* x—y x^-y' 



76. It is also well to Temember that as division is 
the converse of multiplication, we may divide one 
fraction hy another by dividing the numerator of 
the dividend by the numerator of the divisor, and 
the denominator of the dividend by the denominator 
of the divisor. 

x^—2xy-\-x* 

X^ — 'W^ 

6. Seduce — r- — - — r to a simple fraction. 
x^-i-xy + y^ 

Suggestion, — Use the preceding suggestion and (76). 



CancMation. 



77. Multiplication and division of fractions is greatly fa- 
cilitated by canceling any factor which would, in 
the final result, appear both in the numerator and 
denominator. 
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This is the same principle as the pupil has become familiar with 
in arithmetic. The reason for the process is that dropping a fac- 
tor from a number is the same as dividing the number by that 
factor ; hence, dropping the same factor from numerator and de- 
nominator is the same as dividing both terms by thlat factor (58). 

Perform the following by canceling as much as pos- 
sible: 

1. H..«p„ ^ ,, '£. 

2. Divide — r- — j-^ by = ^. 

3. Multiply ?5^ by ^ 



2 "^ a—x 



4. Multiply ^, ^, and ^,^^g , together. 

5. Divide ^?)±? by 



3(a-aj)' 



6. Multiply ^, and together. 

^ -' X " x-\-y x—y ^ 

7. Divide 5 — ; , — by , . , . 



Mixed Kumbers. 



78. Mixed numbers may be reduced to improper 
forms, and then operated upon according to tJie 
common rules for addition, suhtra^ction, multipli- 
cation, and division. But in adding and subtract- 
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ing it is usuaZly better not to do so, but to combine 
the integral and fractional parts separately, as 
given in the suggestions under Exs. I4 cmd 12, 
pages 72, 75. 

1. Multiply 1 -(- — by » . Prod.y ^ T ■ 

•C/ SB X 

2. Divide ab-{- -hw —z — r. 

a '' a*— 1 



3. Divide 12 by ^!^±A 



2 

— a. 



Qj8__/p8 ^8 __ ^8 /Tf/jj 

4. Multiply ^ , r- and a+ together. 

^•^ a + b * ax-i-x^ a—x ^ 



SECTION XIV. 

SIMPLE EQUATIOJ^S. 
Haw PrdMems are Solved in Algebra, 

1. John is 3 times as old as James, and the sum of 
their ages is 32 ; how old is each ? 

Solution. — This example is a very simple one, and can easily 
be solved mentally. Thus, we see that since John's age is 3 times 
James's, both their ages together make 4 times James's age, an^ 
this is 33 years. Now 4 times James's age = 32 years. Hence, 
James's age is \ of 33, or 8 years ; and John's age being 3 times 
James's, is 3 x 8, or 24 years. 

To solve this by Algebra, we proceed as follows : Let x repre- 
sent James's age ; then, since John is 3 times as old, 8a; will repre- 
sent his age ; and the sum of their ages will be Zx+x. Now the 
Statement is that the sum of their ages is 33, hence 3a; +a;=32. 
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Or, what is the same thing, 4a;=32. If 4kr=32, 0;=^^ of 32, or 
fl;=8. But X stood for James's age ; hence, James's age is 8, and 
Jolui's being 3 times as much is 3 x 8, or 24. 

79. The expression 3x + x = 32 is what is called an 
Equation ; and it is hy the use of equations that we 
solve problems in Algebra. 

2. A merchant said that he had 72 yards of a certain 
kind of cloth, in three rolls. In the first roll, there were 
a certain number of yards; in tlie second, 3 times as 
many as in the first; and in the third, twice as many 
as in the first. How many yards were there in the first 
roll ? 

Suggestion. — The equation is x-{-^+2x=^2. 

Now, a? + 3aj + 2aj is 6j;, hence 6a;= 72. 

And if 6aj=72, x, or la;, is ^ of 73. a;=:12. 

Queries. — What does the x stand for ? Answer. The numher 
of yards in the first roU. In this problem, which is the most, 
fl;+3aj+2a5, or 72 ? To start with do you know how much a? is? 
Then is it a knoion,oT an unknoum^qvLSintity at the outset ? 



80, The number which we desire to find as the an- 
swer of a problem is represented in the beginning of 
the solution by one of the latter letters of the alpha- 
bet, usually X, if there is need of but one letter, and 
is called the Unlcnown Quantity. 

3. A boy on being asked how old he was, replied, ** if 
you add to my age 3 times my age, and 6 times my age, 
and subtract twice my age, the result will be 49 years.'* 
How old was he ? 
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Suggestion^— ThQ equation is a; + 3;v + 5a;— 2a;=49. 

Hence, since x-\-^+^x — 2x is Ix, 7ar=49. 

If 7a;=49, x=z\ of 49, or «= 7. 

4. There are three times as many girls as boys in a 
party of 60 children. How many boys are there ? IIow 
many girls ? 

5. In a barrel of sugar weighing 200 lbs., there are 
three varieties. A, B, and C, mixed. There is 7 times as 
mnch of B as of A, and twice as much of C as of A. 
How much of A is there ? How much of each of the 
other kinds ? 

Ans., of A, 20 lbs.; of B, 140 lbs.; of C, 40 lbs. 

81. The part of an equation on the left of the sign = 
is ealled the First Member, and tJiat on the right, the 
Second Member. 

6. There were 4 kinds of liquors put into a cask, 2 
times as much of the second as of the first, 2 times as 
much of the third as of the second, aild 2 times as much 
of the fourth as of the third. The cask sprung a leak, 
and three times as much leaked out as was put in of the 
first kind, when it was found that there were 36 gallons 
remaining. How much was there put in of each kind ? 

Suggesiion* — ^The equation is x+2x + 4x-\-Sx—Zx=S6, 



7. In a pasture there are a certain number of cows 
and 23 sheep, in all 34 animals. How many cows were 
there ? 

Solution. — ^Ajs it is the number of cows we seek, let x repre- 
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Bent the number of cows. Then rt;+23 is the namber of animals 
in the pasture, and the equation is 

aj -h 23 = 34. 

Now the a; +23 means just the same thing as the 84, that is» 
a; + 23=34. So, if we subtract 23 from each, there will be just as 
much left of one as of the other. Subtracting 23 from a;+28, 
there remains x, and subtracting 23 from 34, there remains 11. 
Hence a; =11. Now as x represented the number of cows, we 
know that there were 11 cows. 

82, IiiLUSTBATiOK. — An EQUATION may be compared to a pair 
of scales with equal arms. 




First Member = Second Member. 

The weights in the scale pans represent the members of the 
equation ; and, as there must be just as much in one pan as in the 
other, in order that the scales should balance, so the amount in 
one member of an equation must be just the same as the amount 
in the other, in order that the equation should be true. 

Again, when the scales are balanced by the weights in the two 
pans, if we take 3 ounces out of one pan, we must take just as 
much out of the other, or the scales will not balance ; or, if we 
put any amount more into one pan, we must add just as much to 
the weights in the other pan, or the scales will not balance.* 

If the scales are balanced with weights, and we change the 
weights on one side so as to have 5 times as much, how must we 
change the other side to preserve the balance ? 

If we divide what is in one pan, and leave only ^ as much in it, 
what must we do to the contents of the other pan to preserve the 
balance % 
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Now, it is just the same with an equation. If we make a true 
equation, there is just as much on one side as on the other ; and 
if we add anything to one member, we must add just as mueh to 
the other ; or, if we subtract anything from one member, we must 
subtract ju«^ as much from the other. If we multiply one mem- 
ber by 5, what must we do to the other to keep the equation true ? 
If we divide one member of an equation by 7, what else must we 
do to keep the equation true ? 

8. In a certain pasture there are three times as many 
horses as cows, and 20 sheep. In all there are 100 ani- 
mals. How many cows are there ? How many horses ? 

Suggestion.— The equation is fl?+8flj+20=100. 

Subtracting 20 from each member, flj-h3a;= 80. 

Uniting the terms of the first member, 4a;= 80. 

Dividing each member by 4, x-= 20. 

Hence there were 20 cows; and, as there were three times as 
many horses afr cows, there were 60 horses. 

Note. — Observe that, after we have made the -equation, we 
want to put it into such a form that x shall stand alone in the first 
member, and then it will tell what the value of x is. Thus, a;=20 
says that x is 20, which is just what we wanted to know. 

Again, when we had a?-|-3a;-|-20=100, in order to have x alone in 
the first member, we subtracted the 20 from this member. Can 
yoa tell why weeubtracted it from the second member also? If 
we had subtracted the 20 from the first member only, would the 
equation have been true afterwards ? Which member would have 
been the larger ? How much ? How then could we make it true ? 

Once more, when we had 4aj=80, can you tell why we divided 
the first member by 4 ? Why the second ? 

9. In a basket of 60 apples there are 4 times as many 
red apples as yellow, and 10 green apples. How many 
yellow apples are there ? How many red ? 
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10. John and James together have 75 cents. James 
has 25 cents less than John. How many cents has 
John? 

Suggestiwu — Let x represent tlie number of cents which 
John has. Then, as James has 25 cents less, (C— 25 will represent 
what he has. But both together have 75 cents. Hence the equa- 
tion is «-!-«— 25=75. 

Now, if we drop the —25 from the first member, we make this 
member 25 greater than it now is, ». e,, x-^x is 25 greater than 
x+x—25. Therefore, if we add 25 to the second member, making 
it 100, the members will still be equal. 
This gives aj-|-a;=100, 

or, 2aj=100. 

Hence 2;= 50, the number of cents which 

John has. 

11. A merchant has 90 yards of cloth in two pieces. 
The longer piece lacks ten yards of containing 3 times 
as much as the shorter. How much in each piece ? 

Suggestion. — The equation is aj + 8aj— 10=90. What do we 
want to stand a]one in the first member ? If we drop —10 from 
the first member, does that member become more or less ? What 
then must we do to the second member ? Why ? 

12. Divide the number 50 into two parts so that one 
part shall lack 10 of being 5 times the other. 

SuggesHon. — The parts are represented by x, and 5a;— 10. 
They are 10 and 40. 

13. Divide the number 50 into 3 parts, such that the 
second shall be 5 more, and the third 15 less than the 
first. 

Stigrgrcsfion*— -The equation is x+x + 5+aj— 15=50. The partg 
are 20, 25, and 5. 
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14. There are 62 animals in a field. Twice the num- 
ber of cows + 11 is the number of sheep, and 3 times 
the number of cows — 13 is the number of horses. How 
many of each kind? 

Ans^ 9 cows, 29 sheep, and 14 horses. 



15. A man said of his age, 

'* If to my age there added be 
Its half, its third, and three times three. 
Six score and ten the sum will be; 
What is my age ? Pray show it me." 

Suggestion, — The equation is 

«-+- 1 + 1 + 9= 130. 

Subtracting 9 from each members 

a? + 3 + 3 = 121. 

Now, we can get rid of tlie fractions in the first member by 
multiplying it by 6, the product of both the denominators. Thus, 
6 times the first member is 6a;4-3jJ+2iC. Then, if we also multiply 
the second member by 6, the products will be equal. For if two 
quantities are equal,* 6 times one of them is equal to 6 times the 
other. Hence we have 6.«!+3.T+2a;=726. 
Uniting terms, 11a; =726. 

Dividing by 11, x= 66. 

16. Mary gave half her books to Jane, and one- third 
of them to Helen, when she had but two left How many 
had she at first ? 

Suggestiotim — Let x represent the number of Iwoks Mary had 

* In this case the two quantities are the two members. 
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at first. Then she gave Jane -, and Helen .- books. And what 

she gave the other girls, added to what she had left, makes all she 
had in the first place. Hence the equation la 

X X ^ 

Multiplying each member by 6, 8aj + 2aj + 12=6jj. 

Subtracting 5x from each member, 12=«, or x=12. 

That is, Mary had 12 books at first. Pupil give the the reasons. 
Thus, why multiply the first member by 6 ? Why the second ? 
Why subtract 5x from the first member? Why from the second? 

17. A boy lost 25 cents of some money which his uncle 
gave him, and gave half he had left to his brother. He 
then earned 60 cents, when he had just as much as his 
uncle gave him. How much did his uncle give him ? 

Stiggestion, — Let ic=* the number of cents his uncle gave 

him. Then he had «— 25 cents after losing 25 cents. After giving 

a?— 25 
away half of this, he had the other half, or ■ — ^r— cents, left. 

2 

He then earned 50 cents, and the amount he had was equal to 
what his uncle gave him. 

Hence the equation is — 1- 50= x. 

Multiplying each member by 2, (Why ?) a?— 25 + 100=2flj: 

Uniting, —25 + 100 makes 75, and x + 75=2*. 

Subtracting x from each member, (Wliy ?) 75=a?, or aj=75. 

Note. — The pupil must not think that because these examples 
are so simple that he can " do them in his head " without any alge- 
bra, and may be with less work, that therefore algebra is a very 
clumsy method of solving examples. He will find by and by, that 
though the equation does not really help any in the solution of such 
simple questions, it will solve a great many very difficult ones about 
which he might puzzle his brains a great while to no purpose, if 

* The sign of equality used in this way means the same as the 
word " represent. 



f» 
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algebra did not come to his aid. Stick to it, tlien, and learn how 
to use this new instrument, the Eqtuitionf and you will by and by 
find it wonderfully useful. It is a grand patent for solving prob- 
lems. 

N. B. — Be earefvl to give the reason far everything you do to 
each member of an equation, 

18. A boy, being asked how many marbles he had, said, 
" If I had five more than I have, half the number sub- 
tracted from 30 would leave twice as many as I now 
have.'^ How many marbles had he ? 

SuggestianSm — Letting x represent the number of marbles the 
boy had, the equation is 

80-?±?=2*. 

Now there is a little peculiarity about this equation, which the 
pupil must be careful to notice whenever it occurs, or he will make 
a great many mistakes. It is this : When we multiply both mem- 
bers by 2, to get rid of the fraction, we must write 60— a?— 5=4ic. 
The mistake would be to write 60— a;4-5=-4a;. The explanation is, 

a? + 5 
that the — sign before -jr— shows that it is to be subtracted 

from 30, hence the signs of the terms composing it, viz., x and 5, 

must be changed, according to the rule for subtraction. But the 

pupil may think that we do not change the sign of the x. If he 

a? + 5 
does he mistakes. The — sign before the fraction — ^r— does not 

belong to the x, but to the fraction as a whole. The sign of x in 

the fraction ^— is + , since when no sign is expressed + is 

understood. What then becomes of the — sign before the frac- 
tion, if it is not the same as the sign of x in the equation 60— «— 
5=4a;? It has been dropped, since the thing signified by it has 
been performed, and tiie — sign before the ar, in 60— a?— 5, is the 
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sign of that term in the original equation clianged. The boj had 
9 marbles. 



19. What is the value of x iu the equation ^x — 
8 



«-=^H ? 



Suggestion* — ^Multiplying each member by 8, we have ^x—2 
+22!=64. Hence a;=6. 



20. Two boys were to divide 32 marbles between them 
60 that ^ of what one had should be 5 less than what the 
other had. How many was each to have ? 

Suggestion, — Letting z = what one had, 
then 82— ^ = what the other had. 

X 

The equation is ---h5=32— «, 

32—0? ^ 
or — s — l-o=a?. 

Query. — Why will either equation answer the purpose? 

21. What number is that to which if 7 be added, half 
the sum will exceed ^ of the remainder of the number 
after 3 has been subtracted, by 8 ? 

Equation, — ^ F~=®- Hence a? =13. 

22. The sum of two numbers is sixteen, and the less 
number divided by three is equal to the greater divided 
by five. What are the numbers ? 

Suggestion,^— hei x and 16— a; represent the numbers. 

23. Divide twenty-two dollars between A and B, so that 
if one dollar be taken for three-fourths of B's share, and 
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three dollars be added to one-half of A's money, the 
sams shall be equaL How many dollars will each have ? 

An8.y A will have $10, and B tl2. 

24. The sum of two numbers is thirty-three. If one- 
sixth of the greater be subtracted from two-thirds of the 
less number, the remainder will be seven. What are the 
numbers ? 

25. The sum of A's and B's money is thirty-six dollars. 
If five-eighths of B's, less two dollars, be taken from 
three-fourths of A's, the difference will be seven dol- 
lars. How many dollars has each ? 

26. The diflference between two numbers is twenty-five ; 
and if twice the less be taken from three times the greater, 
the remainder will be eighty ? What are the numbers ? 

27. A and B gain money in trade, but A receives ten 
dollars less than B. K A's share be subtracted from 
twice B's, the remainder will be fifty-seven dollars. How 

much money did each receive ? 

• 

28. One number is four less than another, and if twice 
the less be subtracted from five times the greater, the 
remainder will be thirty-eight. What are the numbers ? 

29. Two farms belong to A and B. A has twenty acres 
less than B. If twice the number of acres in A's farm 
be taken from three times the number in B's, the re- 
mainder will be one hundred. How many acres has 
each ? 

30. One number is seven lees than another, and if three 

times the less be taken from four times the greater, the 

5 
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« '■ I 'III. 

remainder will be six times the differenx^e between thetwo 
numbers* What are the numbers ? 

31. Anna is four years younger than Mary. If 'twice 
Anna's age be taken from five times Mary's^ the re- 
mainder will be thirty-five years. What is the age of 
each? 

32. One number is ten less than another. If three 
times the less be taken from five times tlie greater, the 
remivinder will be seven times the difference of the two 
numbers. What are the numbers 1 



SECTION XV. 

TRAJfSFORMATIOJ^ OF SIMPLE EQUATIONS. 

83. We have seen in the preceding Section what an 
Equation is, and how it is used in solving problems. We 
have also seen that the solution of a problem by an equa- 
tion consists of two parts, 1st, making the equation, and 
2d, so changing the equation that the unknown quantity 
shall stand alone in one member, the other member being 
all known quantities. The first part is called the State- 
ment of the problem, and the second part is called the 
Solution of the Equation. We propose in this sec- 
tion to give attention to the Solution of Equations. It 
will be but a formal statement of what has been taught 
in the preceding section, with examples for practice. 
You have seen that after getting the statement in an 
equation we have to change the form of the equation 
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very much before we get the answer, or value of the un- 
known quantity. Thua in Ex. 17, page 94, we had 

a;— 25 

— h 50=0,, at the firsL Then we changed it to 

2:— ^-i-100=22r; then this to x+ 75=22:; then this to 
75 =2;;, or 2;= 75* These changes are called Tran^ormo' 
tions, 

84» To TrsnsfHiif an EqittatUm is to eJuznge its form 
ivithout destroying the equality of the menibers. 

86. There are Ibnr principal transformations of sim- 
ple eqioations containing one unknown quantity, 
viz. : Clearing of Fraotions, TraMpoaition, ColleOlinQ Terma, 
and Dividing by the oo-efflolent of the unknown quantity. 

86. These transformations are all based on two simple 
principles called axioms. 

87. An Axiom is a proposition which states a princi- 
pie that is so simple, elem/Cntary and evident, as to 
require no proof 

Axiants. 

Axiom 1. Any operation may be performed ttpon any 
term or upon either member, which does not affect the 
value cf ffiat term or member, mihout destroying the 
Bquation. 

• 

Axiom 3. If both members of an Equation are increased 
or diminished alike, the equality is not destroyed. 

We shall now proceed to consider formally these several 
transformations. 
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FIBST TBANSFOBMATIOK. 

To Clear an Equation of Fractions. 

88f WXX,.-^MuMiply both members by the least or 
lowest comjnon multiple of all the denominators. 

Dem. — This process clears the Equation of fractions, since, in. 
the process of multiplying any particular fractional term, its de- 
nominator is one of the factors of the L. C. M. by which we are 
multiplying ; hence dropping the denominator multiplies by this 
factor, and then this product (the numerator) is multiplied by the 
other factor of the L. G. M. 

This process does not destroy the Equation, since both members 
are increasea or diminished alike. 

1. Clear the equation 3-f-— — — = 1 — of frac- 

tions. 

Model Solution.* 

X X &r— 26 
Operation.— The equation is 3+ 5— ^ = — 5 — . Multiplying 

O « 

both members by 6 I have 18-+-2aj— aj=9dJ— 78. I multiply by 6 
because 6 being the L. C M. of all the denominators, I can drop 
the denominator of each fraction when I multiply. Thus to mul- 

X 

tiply - by 6, 1 multiply by the factors of 6, 3 and 2. To multiply 

X 

- by 3 I drop its denominator (69), 'and then multiply this result, 

X, by 2, and have %x. To multiply — | by 6 I have only to drop 
its denominator. Thus 6 times the first member is 18 + 2a;— a;. 



* These Modd Solutions are designed as specimens of the explana- 
tions which should be given by the pupil after he has solved the 
example on the blackboard. Be sure of the Wiy, as well as 
How. 
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Now, as I have multiplied the first member by 6, I must multiply 

the second by 6, according to Axiom 2, in order to keep the mem- 

3a;— 26 
bers equal. To multiply 5— by 6, 1 multiply by 2 and 3, the 

factors of 6. I multiply by 2 by dropping the denominator 2 (69), 
and then multiply this result, 3a;— 26, by 3, obtaining 9x— 78. 
Hence the equation cleared offraetiona is 18+2a;— ir=9j;— 78. 

Ex. 2 — 5. Clear the following of fractions, being care- 
ful to explain the process and give the reason for each 
step as in the Model Solution above: 

2. 5 + 24=^. 

. ir— 5 ^ 284— i?? 

4. ^-— + 6x= — ^ — . 

4 5 

g ?^+^=16-^. See Ex. 18, page 96: 

89. Whenever in clearing an equation of fractions, 
the denominator of a fraction having a polynomial 
numerator, and preceded hy the — sign, is dropped, 
the signs of all the terms of the numerator must he 
changed.* 

Ex. 6 — 9. Clear the following of fractions, being care- 
ful to notice the application of (89), giving the reason 
for the change of signs as in Ex. 18, page 95 : 

* This is really the case when the numerator is a monomial as 

well. Thus in Ex. 3, when we multiply 13— ^ by 12, we may 

properly consider the x, as +a;, and when we write 156— 3«, con- 
sider the —8^ as three times the numerator with its sign changed. 
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l2ar + 26 «-f8 
6. :: 2a:=15 ^r— 



3a:H-4 7a;-3 _ y— 16 
^* ~T" 2 ~ 4 • 

8. a: —=n —. 

^ 19-a: ll—ar 
9. = a; H . 

Quenf • — Should you change the signs o/ the namerator of 

11— « 

— 5 — when you drop its denominator? Why? If tlie second 
o 

11— « 

member were x 3 — would you change the signs of both 11 

o 

11— aj 11— aj 
and aj? What is the sign of 11 in 2; + — «— , and in a; 5— ? 

^n^^er. It is 4- in both cases. 

10. Clear of fractions - 4 -7-- = aa; — rrr . 

a ^ zb 

SuggeMon.^The multiplier is Bab. The equaticn cleared 
of fractions is Bbx + ia* +2cu;=6a'&x— Soj;. 

11. Clear of fractions a: H = J . 

£ c 

iih 1 

12. Clear of fractions ic = — d • 

13. Clear of fractions r + 



a—h 3 a-^-h 

8ugg€8iion»'--T}ie L. C. M. is 8a'— 36'. The equation, when 
cleared, i8 3ajj+86aj+a'— a*»—<i&'+&'«=8a«&— 8«6*. 
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SECOND TRANSFORMATION. 

To Transpose a Term^ 

90* Transposing a term is changing it from one 
member of the equation to the other without de- 
stroying the equality of the mem^hers. 

91. RULE.— To transpose a term, drop it from, the 
member in which it. stands and insert it in tJiS other 
member with the sign changed, 

J>JSM. — H tlie term to be txanspoaed is + « dropping it from one 
member diminishes tUat member by the amount of the term, and 
writing it with the — sign in the other member, takes its amount 
from that member; hence both members are diminished alike, 
and the equality is not destroyed. (Repeat Axiom 2.) 

2nd. — ^If the term to be transposed is — , dropping it increases 
the member from which it is dropped, and writing it in the other 
member with the + sign increases that member by the same 
amount ; and hence the equality is preserved. (Repeat Axiom 2.) 

Ex. 1. Given 5a;+4 + 3a:— 3=13— 2a; to transpose, so 
that all the terms containing the unknown quantity, x, 
shall stand in the first member, and the known terms 
in the second. 

Model Solution. 

Operation. 5aj+4:+3a;— 3=13— 2a:, 

5aj + 3j-4-2ar=13— 4+ 3. 

Explanation. — Dropping 4 frrm the first member diminisheB 
that member by 4 ; hence to preserve the equality, I subtract 4 
from the second member, or indicate the subtraction by writing it 
in the second member with the — sign. Thus the term 4 is trans- 
posed. 

Dropping —-3 from the first member increases that member by 
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8 ; and hence to preserve tlie eqaality I add 3 to the second meni' 
ber. Thus the term —3 is transposed. 

Dropping --2j: from the second member inc7'ea«e« that member by 
2x, hence I increase the first member by adding 2z to it, and thus 
preserve the equality. 

I have thus arranged the terms so that all those containing the 
unknown quantity stand in the first member, and all known terms 
in the second member ; and yet I have preserved the equality. 
This is called transposition. 

Ex. 2—14 The following exercises are the equations 
tinder the preceding transformation, cleared of fractions. 
CaiTy forward the work of redncing them by transjfosi- 
tion, u e., put them in such forms that only unknown 
terms shall be in the first member, and only known 
terms in the seqond. 

2. lS + 2x—x=9x-'7S. 

3. a:+96=6ar. 

4. 6a:4-4a:=156— 3ar. 

6. 5a?— 25 + 120a:=113C— 4ar. 

6. Ga:+6+4a;+8=192— 3a;— 9. 

7. 36a:+78-30a;=:225-5a:-15. 

8. 12a:+16-70a:+30=:5a:-80. 

9. 6a;-9a;+15=72-4ar+8. 

10. 57-3a:=6a:+22-2rr. 

11. Qbx+^9 -\-2ax=6aHx'-Bax. 

Suggestion ,r-WhevL the proper transpositions have been 
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effected, all the terms will be in tlie first member except Aa^h, 
Why? 

12. cx-{-ax=^hc-'dx, 

13. hcx—ah=^—dx — 1. 

14. dax-k-^hx^-a^^a^x—ab^+h^x^^aH—^ah^. 

Qwery.— Which terms will be in the first member ? Which in 
the second ? Why ? 



THIED TEANSFORMATION. 

Collecting Terms. 

92. This transformation is so simple as to need little 
explanation. Thus, when we have 

6a:+4ii;-9a;=72 + 8-15 

that we may add 6a; + 4a:— 9a: and call the first member x 
is evident from the first axiom, since this transformation 
does not chans^e the value of this member. In like man- 
ner 72 + 8—15 is the same as 65, so that if the equation 
6a;+4a;— 9a;=72 + 8— 15 is true (i. e., if the members are 
equal), .r=65 is true, for the members of the latter have 
the same value as those of the former. 

Ex. 1-4. Collect the terms in the following, and give 
the reason why the equation is not destroyed : * 

* We often liear abont " changing the value of an equation," 
** dividing an equation," etc., expressions which are grossly erron- 
eous. An eqiLotion is not a quantity — is not a thing which can be 
said to have value, be multiplied or divided. The members are 
quantities, and these can be multiplied, divided, etc. Instead of 
** changing the value of the equation," the thing meant is " de- 
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2. 6a;+4a;+3a;=192-9— 6— 8. 

3. 70a;— 12a;+5a;=16 + 30 + 80. 

4. cx-hdx=bc—ab. 

Suggestion. cx-\-dx can be added with reference to x (see 
87), and becomes {e + <^; Bad, in like manner 5c— «5caBl>e 
added with reference to 6, becoming b(e—a). Henc© we Imtb 

(e+d)x=b{e^a). 

5. Collect the terms of 2a*a:--a;=a* +«'. 

iJcsttZ/, (2««— l)a;=flr«(l+a). 

6. Collect the terms of x-\-cx=a^c^a^b-\-a^. 



7. Collect the terms of .«^ir;+2«5ic+l>«a:=«*—.2«irfA«, 
The result should be written j(iz+,&)«a;=(fl— J)^. 



FOURTH TRANSFORMATION. 

JHvidinghythe Co^efflcient of the Unknown Quantity. 

93. This also is a &imph operaHo^i, and needs little 
attention. If we have 4a;=52, we can divide 4a: bj 4^ 
obtaining a:, and preserve the equality of the members 
by dividing 52 by 4 also. Hence, If 4a;=52, a;=13, since 

stroying the equality of the members. " Thus, when we mxiltipiy 
the members of an equtftion^lt is absurd to say w& Liwre vinktpHed 
the equation, for the reason given above, and h is e^jwaily absurd 
to say tha* it does not change the mime (rf ih» aquation. WeAatsj 
changed t^ value of the terms and neiabers— the ooily things 
which have vakie, but we have so cliaaged them as not *o destroj 
the equatloa, i.e., the equality between .the raKanbexs. 
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ja; is }^ of 4a:, and 13 is ^ of 52. That this transformation 
does not destroy the equation is evident from Axiom 2. 

Ex. 1 — 4. Divide both members of the following by 
the coefficients of the unknown quantity : 



1. 7a:=35. 

2. 13a;=ie9, 



3. 63x=126. 



4. (c-f &)a;=J(c— a). 

Result in last. x= -^ — r^ . 

c-hb 



Ex. 5 — 7. Divide "botli members of the folbwing "bj 
the co-efficient of the unknown quantity: 

6. {l+c)x=a^{C'-b-hl). 

7. (a + J)«a:=(a-&)«. 



94* It frequently happens that we wish to change the 
signs of the terms of one memhewf an equation. 
This can he done if we cjhange the signs of the terms 
of the other member also. 

1. Change the signs of all the terms of —0x+9x 
—4a:=— 72— 18 + 15, and show that it does not destroy 
the equation. 

Suggestion, — The equation, with its signs changed, is Qx—9x 
+4c=r72H-18— 15. This can be obtained from — 6iP+9a5— 4fl;=— 73 
—184-16 by multiplying, or dividing, bofth members of the latter 
by -1. Heoee if —6;r+9a?—4a?=— 72— 18 + 15, 6aj—9a;H-4«=73 
4-18-15, according to Axiom 2. 
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Ex. 2 — 7. Change the signs in the following, and 
give the reason why the equation is not destroyed 
thereby : 



2. -4ir=-20. 

3. -2a;-3a;=— 70 + 10. 

4. 7a:-12aj=-100. 



5. — 0?=— 5. 

6. — a?=10. 

7. -(a-J)a:=-(a«-d2). 



Suggestion. — 1^ — (a— i)a;= — (a*— &*) we must remember that 
(a— 6), and (a*— d*), being in parentheses, are to be treated as single 
quantities (84). Hence the equation, with its signs changed, is 
(a-6)aj=a«— 6«. 

5. Change the signs of (— 1 + a)a?=fl(c— J). 

Result^ {l—a)x^a{h—c). 

2a 

6. Change the signs of — (— a + J)a?= -,. 

Result (h—a)x=- — --r. 



^^ 



SECTION XVI. 

SOLUTIOJ^ OF SIMPLE EQUATIOJ^S WITH 
OJ^E UJ^KJfOWJf QUAJfTITY. 

95. To Solve an Equation is to find the value of the 
unknown quantity : that is, to find what valus it 
must have in order that the equation he trice. 

III.— In tlie equation 4r— 2=2a?+4, if we call sc, 3, the first 
member is 10, and as the second is also 10 for this value of a;, the 
equation is true. But if we try any (or every) other number than 
8 for X, we shall find that the equation will not be true. Thufl 
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trying 4 for x, we find the first member 14 and the second 12 ; and 
the equation is not true. Again, try 5. The first member be- 
comes 18 and the second 14, and the equation is not true. 

Let the student see if he can ascertain by inspection what is the 
value of X in the following : 

a!+3=3aj+l. 

Though this equation is very simple, it is probable that it will 
take the student some time to guess out the value of x which 
makes it true. Thus, 2 makes the first member 5 and the second 
7 ; and the equation is not true for this value. If he tries 3 the 
result is worse than before. But 1 makes each member 4, and for 
this value of x the equation is true, and for no other. 

But, if it is so difficult to hit upon just the value of x which is 
required to make so simple an equation true, the task would be 
quite hopeless in such an one as 

ag-1 13-fl? _7a; ll(a;4-3) 
5 2 """3 6 ' 

Yet we have seen that there is a very simple method of solving 
any such equation, so as to tell certainly and easily what the value 
of X is. This process is called Solving the Equation, or sometimes, 
the Resdiution of the EqvMian, Familiarity with it is very im- 
portant, and facility can be acquired only by practice. 

96. One thing must he fixed in the pupil's mind at 
the outset, viz., that he can mahe hut two classes of 
changes upon an equation: Such as do not affect 
the value of the members, or such as affect hoth 
members equally. Every operation must he seen to 
conform to these conditions. 

To Solve a Simple Equation vHth one Unknown 

Quantity. 

97. RULE.— I. If the equation contains fractions, 
clear it of them hy Art. 1^. 
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2. TrcavBpose all the terms involving the unknown 
quantity to the first member, and the known tenns 
to tJie second member by Art. 15. 

3. Unite all the terms containing the unknown 
quantity into one by addition, and put the second 
member into its simplest form. 

4. Dividehoth vfyembers by theco-efffGleni of the un- 
known quantity. 

Bbh. — The first step, cleanng of fractions, does not destroy the 
equation, siaoe both members are multiplied bj the same quantity 
(Axiom 2). 

The «econd «tep does not destroy the «gaatiQ]i« since it is adding 
the same quantity to both members, or subtracting the same quan- 
tity from botli members (Axiom 2). 

The third step does not destroy the equation, since it does not 
change the value of the members (Axiom 1). 

The fourth step does not destroy the equation, since it is divid- 
ing both members bf the same quantity, and thfus changes the 
members alike (Axiom 2). 

H<ence, after these several prooeases, we still have a true equa- 
tion. But now fbe first noiember is c^nply the unknowa quantity, 
and the second memb^ is all known. Thus we liAve what the un- 
known quantity is equcU to; i. e., its value. 

1. Solve the equation — ^ H ^ — "^ r ~ — S — * 

JllLOVElL SoLTjnow. 

Operatiok.*— (1) g- + — g- ■♦■ 8 = ~~8~" • 

(2) 20^H-20 + 24a;-32 + 5=30a; + 35, 

(3) 20aj+24aj-30aj=35-20-h32-5, 

(4) 14fl;=42, 

(5) aj=8. 

* This is a sample of what is to be written on the black-board. 
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Explanation* — I first clear equation (1) of fractiona by multi- 
plying both nrembers by the L. C. M. of its denominatorB, which 
is 40. This does not destroy the equation (Axiom 2). I multiply 

XA-'X 

— ^ by 40 by dropping its denominator 8, thus getting ^+1, as 

the result of multiplying by IB, and then multiply sc+1 by 20, 
getting 20a; +20. {In like mamner explain the entire process of 
clearing of fractions.] 

H«Tifig cleared ^e equatiom of fractions I luuire (2). I now 
transpose the terms containing x to the first member and the 
known terms to the second member. Thus, dropping 80j; from 
Hie Beoand member ^imiiusheB it by that amoiiait, wbends to pre- 
serT^e the equality of the xnenLbeis I subtract dOa; from the fii«t 
iiieinber, i. e., write it in that member with its sign changed. [In 
like manner explain the transposition of each term.] 

I know equation j(3) to be true, ^nce I have changed botli mem- 
bers alike, that is, have added to and subtracted from both mem- 
bers "die same quantities. I now add together the terms of the 
first member, ^tihkh does not effect the vahie tf ihe member , and 
have 14a;. In the same manner uniting the terms of the second 
member does not alter its value ; hence 14:r=42. Finally, I di- 
vide bot^ membera by 14 and have sr=:3. This operation does not 
destroy the equation, sinee hath membem of the equality 14a;=43 
are divided by the same number {Axiom 2). Hence 3 is the yaloe 
oix. 

Ex. 2 — 5. Solve the following equations : 

2. H + Q = 13-j. a;=12. 
2 o 4 

„ a:— 5 ^ 284— a: 

3. —J- +6a;= — = — . a;=9. 



4. -+23=-^. x=l^. 

* This is a sample of what is to be given by the pupil when he 
explains the work on the black-board. 
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^ 63;- 10 18 -4a: 

5.^j- = — -+x. ■ x=4. 

SuggegUon. — Let lu pat 4 in the p1&<» of x in the last equa- 
tion, and Bee If It makes the members eqoal. Thns 5~^ 

, 34-10 14 . . 18-4x4 , , 18-16 . ., 

'"-r-'^'s- Agau.,— 3— +41--^ + 4. or41. 

Hence, 4. when put for x, m»kea the equation V=41, which ia 
evldentljr true. 

98. Putting on« quantity in the place of another, 
as the 4 for the x in this suggestion, is called Sub- 
•tituting. 

99. An equation ia said to be Satitfled for a value of 
the unknown quantity which makes it a true equa- 
tion : i. e„ which makes its jnenibera equal. 

100. To Verify an equation is to substitute the sup- 
posed value of tfie unknown quantity, and see if it 
satisfies the equation. Verification is a kind of 
proof of the correctness of the result obtained in 
such exam-ples as these. 

Es. 6—26. Solve the followiDg equations, and verify 
on the values obtained : 

6. a: + 7+^+3=24. 



7. 2a;+— + 9=25. 



■ ^-+l-r='* 
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9. ^_16=*+i-^. (See 89.) 

o t> 



,„ 21-3a; 2(%x+Z) „ 5a;+l 
,10. — ^ ^g— = 6 J-. 



11. ar-^^=3«-lf 



1ft ^^+^ 7a;— 3 _ ig— 16 

"• 5 a "T~* 



„ a; a? 6(a:+2) . 

^^- :2~ 3— 8 — ^• 

ar+l a:+3 35+4. ,- 
14. -^+-^=-^+16. 



4(a!+2) 3ar+l_, 



16. Solve 2a'x-x=a* +a» . x=^i^ 

2a*— 1 

17. Solve aH-hx=a^c-cx-[-a^. a;= ^'^^'"'^/^ ^ 

c+1 



18. Solve fl J + C2;= J(; + bx, 

19. Solve — + -=rf. 0;= , , 

^2; ex oca 

hx^d 



20. Solve 3a;— a=a; 



3~* 
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21. Solve oa;— c= . «= -r 



22. Solve ^+3a:=7a:-^\ 

o 

Suggestion. — Observe that if each member is divided by x, 
there will be no term containing ma o^. 

00 c 1 3a; 2a5 a:«— 10a; ^^ . 

23. Solve 4~y= — ^— . 9;=10^. 

24 Solve |a;2+|a:=a;+— t?. 

OK G 1 3a;2 . ^ 2a;-4 3a;« + l 

25. Solve — + 5=-y-+— ^— . 

Suggestion* — Observe that the terms containing x* destroy 
each other in the process. 

26. Solve -^ '-'ab^ . x=i-. 

ex c 



^»- 



SECTION XVIL 

APPLICATIOJfS. 

161. We saw in Section XIV. how pmctical problems 
are solved by means of the equation. Having, in Sec- 
tions XV. and XVL, attempted to gain a better acquaint- 
ance with this wonderful instrument — this patent for 
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Bolviag problems — the eqaataoii, we shall now resnixie the 
Btady of the solution of problems, 

102. The Algebraic Solution of a problem consists of 
two parts : 

Ist. The Statement, which consists in expressing hy 
one or more equations the conditions of the proh- 
iemt. 

2d. TIm Soliition of these equoMe^s so as to find the 
vedu^s of the unknown qucmHUes in knoum ones. 
This process has been explained in the case of Sim- 
ple Equations, in the preceding Sections, 

103. The Statement of a problem requires some knowl- 
edge of the subject iibout which the question is asked. 
Often it requires a great deal of this kind of knowledge 
in order to *^ state a problem.^' This is not Algebra ; but 
it is knowledge which it is more or less important to hare 
according to the nature of the subject. 

104. Direcftions to guide the Student in the State- 
ment of Problems. 

1st. "Study the Tneanlng of the ppohlem, so thst, if you had the 
nniswer pwen, yem eevM pr&w it, noticing tjarcfully just -what oper- 
ations you would have to perfomi upon the answer in pvoTing. 
This is called. Discovering tJie relations between the quantities in- 
moUoed. 

2d. Represent the unknown (required) quantities (the answer) by 
some one or more of the final letters of the alphabet, as x, y, z, 
or Wt and the known quantities by the other letteis, or, ae given in 
the problem. 

8d. Lastly, by combining the quantities involved, hoth known and 
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UTikTwwn, according to the conditions given in the problem (as you 
would to prove it, if the answer were known) express these rela- 
lations in the form of an equation. 

1. Anna is three years'younger than Eliza, and Eliza 
is seven years older than Lucy. The sum of their ages is 
seventeen. How old is each ? 

STATEifENT. — As the inquiry is concerning the ages of Anna, 
Eliza, and Lucj, we may represent either's age bj x. For exam- 
ple if Anna's age is x, since Eliza is 8 years older than Anna, Eliza's 
age will be a;+3 ; and as Eliza is 7 years older than Lucy, x-k-Z^l 
is Lucy's age. Thus we have 

Anna's age = x, 
Eliza's age = a; + d» 
and Lucy's age = a? + 8 — 7. 

But the problem states that the sum of their ages is 17; hence 

aj + aj + 34-aj + 3 — 7 = 17, 
■is the equation. 

SoLimoN.— With this the student is suffidently familiar, x 
Anna's age, is found to be 6; x-^Z, Elixa's age, is 9 ; and 2+3—7, 
Lucy's age, is 2. 

2. If you give twenty-four cents more to James, he 
will have five times as many as he now has. How many 
has he ? 

3. What number must be added to itself and to seven 
more, that the sum may be three times that number? 

Arts.. 7. 

4. When George shall be thirty years older, his age 
will be four times as much as it is now. What is his 
age? 
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5. A man can shingle one-fourth of the roof of & 
house in one day, and a boy can shingle one-twelfth of 

it in a day. How many days will it take for both, work- 
ing together, to shingle the roof? 

Suggestion, — Let x represent the required number of days. 

X 

Then, as the man does \ of it in one day, he does x times i or - , 

X 

in X days. So the boy does -^ in the time. But as they do once 
the work, 7 + 77; =1. 

6. How many times the sum of one-third, one-seventh, 
and one-twenty-first, does it take to make a whole one ? 

Suggestion, — We liave a?(i + t+-/i)=l» which may be put 

XXX 11.27 

into the ioTm--i--+—=l; or, better, -q^=1. 

7. One man can do one-third of a given piece of work 
in one day ; another can do one-eighth of the same work 
in a day ; and a boy can do one-twenty-fourth of it in 
the same time. How many days will it take the tljree, 
working together, to get it done ? 

8. A boy ate one-fourth of his plums, and gave away 
one-fifth of them. The difference between what he ate 
and what he gave away was three. How many had he ? 
and how many did he give away? Ans., He had 60. 

9. If three-eighths of some number be taken from 
three-fourths of the same number, the remainder will be 
six. What is the number ? 

10. If from half of a man's money one-seventh of his 



118 INTUOBUCTION TO ALQEBIUL 

money be taken, the difference will be fifteen dollars. 
How many dollars has he ? 

11. The difference between three-fonrtfas and five-sixths 
of the same number is nine. What is the number 7 

12. A man owned seven-tenths of a flock of sheep. 
After selUng two-fiftlis of the whole flock, he had thii'ty 
sheep still belonging to him. How many sheep were in 
the flock before the sale ? Ans.^ 100. 

13. Divide seventeen into two such parts, that twice 
one part shall be eight less than five times the other. 
What are the numbers ? 

14. A farm containing twenty-six acres, belongs to two 
men. Three times A's part is six acres less than four 
times B's part. How many acres has each ? 

15. Divide twenty-five into two such parts, that three 
times one part shall be three more than five times the 
other. What are the parts ? Ans^ 16 and 9. 

16. A boy, after spending a part of his money, found 
he had remaining three times as much as he had spent. 
He had twelve cents at first* How much did he spend? 

and how much was left ? 

17. A man had thirty- two sheep. After selling a part 
of his flock, he found the remainder was four less than 
twice the number he sold. How many did he sell ? and 
bow many were left ? 

18. Divide twenty-eight into two such parts, that, if 
one-fourth of the greater be taken frem the whole num- 
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ber^ the difference will be twice the Less number. What 
will the parts be ? 

19. A cow and sheep cost thirty dollars. If the cost 
of the cow be takea from twice the coat of bctii, the 
remainder will be iieven times the cost of the sheep^ 
What was the cost of each ? 

Ans^, Cow $25, Sheep $5. 

20. Divide thirty-two into two such parts, that if four- 
fifths of the greater be taken from twice the whole num- 
ber, the remainder will be four times the lesa number. 
What are the parts ? 

21. A man and boy received thirteen dollars for a. week's 
labor. If two-thirds of what the maiii received be taken 
from twice the sum that both had, the di&rence will be 
five times the money which the boy received. How 
many dollars had each ? 

22. The garrison of a certain town consists of 125 men, 
portly cavalry and partly infantry. The monthly pay of 
a cavalry man is 120, and that of an in&ntry man is 
115; and the whole garrison receives 12,050 a month. 
What is the number of cavalry, and what of in- 
fantry ? 

23. A gentleman is now 40 years old, and his son is 
9 years old. In how many years, if they both live, will 
the father be only twice as old as his son ? 

24 A farmer wishes to mix rye worth 72 cents a bushel, 
with oats worth. 45 cents a bushel, so that he may have 
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100 bushels worth 54 cents a bushel. How many bushel 
of each sort must he take ? 

An%^ ZZ\ of rye, and 66| of oats. 

25. In a mixture of copper, tin, and lead ; 16 pounds 
less than \ was copper, 12 pounds less than \ was tin, and 
4 pounds more than J was lead. What was the weight 

of the whole mixture ; and also of each kind ? 

Am.^ 2881b. ; and also 1281b., 841b., and 76lb, 

26. Of a piece of metal, \ plus 24 ounces is brass, and 
I minus 42 ounces is copper. What is the weight of the 
piece ? 

27. Divide $183 between two men, so that ^ of what 
the first receives, shall be equal to -^ of what the second 
receives. What will be the share of each ? 

Ans,^ tC3, and 1120. 

28. A gentleman invested | of his property in a canal. 
When he sold out, he lost \ of the sum invested, receiv- 
ing only $1,446. What was the value of his property 
when he began ? Ans.<, $11,568. 

29. A gentleman leaves $315 to be divided among four 
servants in the following manner: B is to receive as 
much as A, and \ as much more; C is to receive as 
much as A and B, and \ as much more ; D is to receive 
as much as the other three, and \ as much more. What 
is the share of each ? 

30. A man bought a horse and chaise for $341. If | 
of the price of the horse be subtracted from twice the 
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price of the chaise, the remainder will be the same as if 
4 of the price of the chaise be subtracted from three 
times the price of the horse. What was the price of 
each ? Ans., Chaise, 1189 ; horse, $152, 

31. Divide the number 204 into two such parts, that 
if I of the less be suktracted from the greater, the re- 
mainder will be equal to f of the greater subtracted from 
four times the less. 



lOCi* The following examples are exactly like the preceding ex- 
cept that the known or given quantities are represented by letters 
instead of figures. The corresponding example in the preceding 
set should be reviewed in connection with each of the following, 
and its answer deduced from the literal answer. 

1. Anna is a years younger than Eliza, and Eliza is 
h years older than Lucy. The sum of their ages is a. 
How old is each ? 

Suggestion^ — See Ex. 1 above. As in that, 

let a;=Anna's age. 
Then x-\-a = Eliza's age, 
and X + a—h = Lucy's age. 
Then x-\-x-{-a-{-x-^a—h=c, is the equation. 

Solving, 3iCH-2a— &=c, or 3aj=c-hJ— 2a, 

and X = J, , Anna s age. 

o 

c+5— 2a . c-\-h-^a _.,. , 
Hence «-hat= — h a = — ^.3 — , Eliza's age. 

and x-^a—o= — J= , Lucy s age. 

Applying these results to Ex. 1 of the preceding set, a = 8»& = 7| 

imd c = 17. 

6 
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„ c+6-2a 17-h7~2-3 . . 

Hence = =6, Anna's age. 

o o 

— —— = ^ — =9, Eliza's age. 

c+a-26 17+8-2-7 „ . , 
and = ^ =3, Lucy s age. 



2. If you give a cents more to^ James, he will have b 
times as many as he now has. How many has he? 
Having obtained the answer in the literal notation, de- 
duce that of Ex. 2, in the preceding set, by substituting 
the values there given. . a 

A7lS.y 



b-V 



3. What number must be added to itself and a more, 
that the sum may be b times that number ? Apply to 
Ex. 3 above. 

4. Make an example like Ex. 4 of the preceding set, 
using a instead of the 30, and b instead of the 4. Why 
is the answer to this just like the answer to Ex. 2 ? 

5. A man can shingle one atli of the roof of a house 
in one day, and a boy one Z>thof it in a day. How many 
days will it take for both, working together, to shingle 
the roof? 

1 XX 

Suggestion* — One ath is expressed -. The equation is --h -r 

d a o 

=1. The answer is — r . Apply to Ex. 5 of the preceding set. 

6. How many times one with, one wth, and one rth, 
does it take to make a whole one ? 

. mnr 

Ans,, . 

7n + u -f ;• 
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7. Make and solve an example like £x. 7 of the pre- 
ceding sety using m, n, and Ty for the numbers instead of 3, 
8, and 21. How is this example different from the pre- 
ceding ? 

8. Make aud solve an example like Ex. 8 of the pre- 
ceding, using Oy h, and c, instead of 4, 5, and 3.* 

Ans^ He had 7 — . He gave away 7 — . 

— a — a 



9. H an — th part* of some number be taken from 

an ^th part of the same number, the remainder will be 

d. What is the number ? . bdn 

Ans.y 



an— dm 



10. Make and solve an example like the 10th of the 
preceding set, using letters instead of figures. 

11. Make and solve literal examples like the 11th and 
12th of the preceding set. Like which of the preced- 
ing are they ? Why are these two alike ? 

13. f Divide a into two such parts, that m times one 

part shall be 7i times the other. 

„ , am , an 
Farts, , and 



m+n m+n 

14. Make and solve literal examples like the 14th and 
15th of the preceding set. Are these just alike ? 

* Read " an w divided by n tli part." 

f These numbers are made to correspond with those of the pre* 
<;eding set. 
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Make other examples like those of the preceding set^ 
the answers to which can be found by substituting in the 
answer to this. 

16. Make and solve literal examples like the 16th and 
17th of the preceding set, using in the ITth, ^ instead of 
32, a instead of 4, and n instead of 2. Are these exam- 
ples exactly alike ? If a=0 how will they differ? 

106. Solutiont with letters instead of figures are 
called General Solytions, since they answer far idl ejo- 
amples of the same hind, 

18. Make and solve general examples like those from 
the 18th to the 21st of the preceding, inclusive. In each 
case deduce from the literal, or general answer, the an- 
swer to the particular example. 

Make other particular examples, whose answers can be 
deduced from these general answers. 

22. The garrison of a certain town consists of s men, 

partly cavalry and partly infantry. The monthly pay of 

a cavalry man is tniy and that of an infantry man is 

%n \ and the whole garrison receives %a a month. What 

is the number of cavalry, and what of infantry? 

. /^ 1 a—ns . - , ms — a 

Ans., Cavalrymen , mfantry . 

•^ m—n '' m—n 

Quet^y, — If ^u add the two answen togetUw what ought 
they to amount to ? Do they ? 

23. Make and solve general examples like the 23d and 
24th of the preceding set, deducing the answers of ^ose 
from the answers to these. 
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25. In a mixture of copper, tin, and lead, a pounds 
less than — * was copper, h pounds leas than — was tin, 

and c pounds more than - was lead. What was the weight 

of the whole mixture ; and also of each kind ? 

An8,y Of the whole ^^ ^^ — , 

nr + mn -f inr —mnr 

of copper ; — i-- '— a, 

of tin — ; — ^—; J, 

^d of lead ^"^'^+^-") c. 

nr-\'mn'\-mr—mnr 

1 

26. Of a piece of metal, -^ part plus a ounces is brass, 

and — part minus h ounces is copper. What is the weight 
of the piece, . mn^b-^a) 



11 +m^ --17191* 
27. Diride la between two men, so that an — part of 

what the first receives shall be equal to an - part of what 

the second receives. What will be the share of each ? 

. aiir - ams 

Ans.f — - — , and 



ins 4- nr ms + nr 

28. Generalize the 28th to the 31st of the preceding 
set, inclusive, and deduce from the general answers the 
answers to the particular examples. 



♦ Read'* one wth. 



(> 
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SECTION XVIII. 

GEOMETRICAL, OR COMMON RATIO. 

107. If we wish to compare 12 and 4 we can ask, 
^ 12 is how much greater than 4," or ^ 12 is how many 
times as great as 4." 

The former inquiry is answered by giving the diflfer- 
ence between 12 and 4, and the latter, by telling the quo- 
tient of 12, divided by 4. 

Comparing two numbers by telling how much the for- 
mer is greater than the latter, is sometimes called giving 
their Arithmetical Ratio^ but more generally this method 
of comparison is spoken of simply as the diflTerence. 

Comparing two numbers by telling how many times as 
great the former is, as the latter, is called giving their 
Geometrical Ratio, or simply their Ratio. 

The word ratio means relution, so that when we ask 
« What is the ratio of 12 to 4 ? " we ask, " What is the 
relation of 12 to 4 ? '* As this is usually understood, we 
answer it by saying that 12 is three times as great as 4, 
or that the ratio of 12 to 4 is 3. 

1. What is the ratio of 8 to 2 ? Of 10 to 5 ? Of 30 
toG? Of 128 to 4? 

2. What is the ratio of mn to m ? Of 3m *r to m ? 
Of 4w2a;8 to 2mx ? Of loax^ to 3x^ ? 

Answer to last, bax. 

3. What 38 the ratio of 2 to 3 ? Ans.^ |. 
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4. What is the ratio of 5 to 7 ? Of 3 to 6 ? Of 11 
to 16 ? Of 117 to 13 ? Of 15 to 6 ? Of 24 to m ? 

Answer to last, -^. 

5. What is the ratio of a to J ? . a 

Ans,, T- 



6. What is the ratio of 3m to 2» ? Of a; to y ? Of 
llmaiobcy^ Ofa-^btoc? Of a«-*« to a-J? 

Answer to last, a + b. 

7. What is the ratio of 3(a+*)8 to 2{a+b)? To 

8. What is the ratio of 15(a« -|-2o*+&«) to 3(a+*) ? 

-4n5., 5(a + J). 

108. Ratio i^^ ^^ relative magnitude of one quan- 
tity as eompared with another of the same hind, 
and is expressed hy the qiuotient arising from divid- 
ing the first hy the second. The first cpjuantity named 
is called the Antecedent, and the second the Consequent. 
Taken togetherthey are eaUed the Termt of the ratio, 
or a Couplet 

109. The Sign of ratio is thd colon, '• , the com^mon 
sign of division, -*-, or the fractional form of indi- 
cating division. 

III. — The ratio of 8 to 4 is expressed 8 : 4, 8-f-4, or — , any one 

of which may be read " 8 is to 4," or, " ratio of 8 to 4." The ante- 
cedent is 8, and the consequent 4. The sign : is an exact eqaiva- 

a 
lent for -f-. The ratio of a to & is expressed a : h, a-r-h, or =- , each 

form meaning exactly the same thing. 
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9. Express the ratio of 3m to 6» in the three diflfer- 
ent forms? 

10. Express the ratio of a— J to a+5 in the three dif- 
ferent forms ? 

11. Express the ratio of which 2n is the consequent, 
and 5m the antecedent. Also of which 7 is the anteced- 
ent> and Zx the consequent. 



110. What effect upon the quotient is produced by mul- 
tiplying the dividend ? 

By multiplying the divisor ? 
By dividing the dividend ? 
Dividing the divisor ? 

By multiplying or dividing both dividend and divisor 
by the same number? 

111. Ask and answer the corresponding questions with 
regard to a fraction. 

112« In a ratio what corresponds to dividend or nume- 
rator?. 

What to the divisor or denominator? 

118. A ratio heing merely a fraction, or an unexe- 
cuted problem in Division, of which the antecedent 
is the numerator, or dividend, and the consequent 
the denominator, or divisor, any changesmade upon 
the terms of a ratio produce the same effect upon its 
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valiue, as the like changes do upon the value of a 
fraction, when made upon its corresponding terms. 
Tfie principal of these are, 

1st. If both terms are m^ultiplied, or both divided, 
by the same number, the value of the ratio is not 
changed. 

2d. A ratio is multiplied by w/ultiplying the anteced* 
ent (i, e., the numerator or dividend), or by dividing 
the consequent (i. e,, the denominator, or divisor). 

Sd. A ratio is divided by dividing the antecedent 
(i. e., the numerator, or dividend), or by multiply- 
ing the consequent (i. e., the denom/inator, or di- 
visor). 

1. Multiply a\hhj mijx two ways. 

Results, am : i. and a : — . 

m 

2. Multiply a+5 : a* — J* by a -{-l in two ways. 
Also hj a—b. 

3. Divide 3m*y : bnx by m in two ways. 

4. Divide {a-\-hY : (a—J)* by a—h in two ways. 

5. Reduce Ihm ^y : 25wiy* to its lowest terms. 

Result, Sm : 5y. 

6. Beduoe 12m* : ^my to its lowest terms. 



7. If 8 is the anteoedeiit and 2 the ratio, what is the 
consequent ? 

6* 
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Haying gWen the antecedent and the ratio, how do 
you find the consequent ? 

What question in division is the same as this ? 
8. If 6 is the consequent and the ratio is 5, what is 
the antecedent ? 

Having given the consequent and the ratio, how do you 
find the antecedent ? 

What question in division is the same as this? 

9. What is the product of the consequent and ratio ? 
If 7 =c, what is a equal to? 

10. Given r the ratio and a the antecedent, what is the 
consequent ? 

11. Oiven r the ratio and b the consequent, what is the 
antecedent ? 



12. Which is the greater xV or -^ ? 
How much ? 

How do you compare two fractions to ascertain which 
is the greater ? 

13. Which is the greater ratio 7 : 11, or 8 : 13 ? 

Is there any difference between this question and the 
preceding ? 

14. Beduce the ratios 2 : 3, and 5 : 7 to ratios having a 
common consequent. 
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Beduce | and \ to fractions having a common denom- 
inator. 

15. Which is the greater 11 : 14, or 119 : 148 ? 



16. What is the ratio of | to f ? Of | to 4 ? Of 

Tto — ? Of-—— to -^— ^? 
o n 12n 671X 

17. Let X be any quantity ; what is the ratio of Sx to 
4a;? Of 14a; to 7a;? 

18. Let y be any quantity ; what is the ratio of by to 
6y? OttytoSy? 

19. Let X be any number; what is the ratio of ftix to 
nx ? Of ax to Ja; ? 

20. In 3x : 6x does the value you assign to x affect the 
ratio? 

If a;=l, what is the ratio ? 

If x=5 what is the ratio? Then may 3a; :5a; be 
considered as representing any two numbers having the 
ratio 3:5? 

21. Bepresent any two numbers having the ratio 5 : 7. 
Having the ratio 9 : 11. 

Having the ratio m to n. 
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SECTION XIX. 

PROPORTIOJf. 

114. Proportion is an equality of ratios, the terms 
of the ratios being expressed. The equality is indi- 
cated by the ordinary sign of equality, =, or by the 
double colon : • • 

Thus, 8 : 4=6 : 3, or 8 : 4 : : 6 : 3, or 8-5-4=6-f 3, or 

Q a 

— = - ; all mean precisely the same thing. A propor- 
tion is usually read thus: "as 8 is to 4 so is 6 to 3/' 

Note. — ^The pupil should practice writing a proportion in the 
form T = ;jj , still reading it '' a is to & as c is to d." One form 
should be as familiar as the other. He must accustom himself to 

d c 

the thought that a :b ::c :d means r = -3 ^^^ nothing mare. It 

a 

will be seen that the language "8 is to 4 as 6 is to 2/' means 

Q n 

simplj that j = - , for it is an abbreviated form for saying that 

" the relation which 8 bears to 4 is the same as (is equal to) that 
which 6 bears to 2 ; " that is, 8 is as many times 4 as 6 is times 3, 

8 6 
^'4=3- 

116. The Extremes (outside terms) of a proportion 
are the first and fourth terms. The Means (middle 
terms) are the second and third term^. Thus, in 
a : b=c : d, a and d are the extremes, and b and o are 
the means. 

1. Is 3 : 7 : : 6 : 11 a true proportion ? Why ? 
Is the fraction f equalf to ^? 
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Which is the greater? How much ? 

2. Is 1 : 4 : : 14 : 15 a true proportion ? Why ? 
What is the ratio of | to f ? 

3. J&aii i: az\bx2k true proportion ? Why ? 

4. Is 1 : 1^ : : 34^ : 9 a true proportion ? Why ? 

5. Is 1 : 1^ : : 3^ : 9f a true proportion ? Why ? 



l^ransfovmations. 



116. As a proportion is only an equattan under a par- 
ticular form, the same axioms ("87^ apply to its 
transformations as to the transformations of an 
eqioation. 

d c 
Thus a ;b : : e I diB the same as - = -^ . Hence the ratios cor- 

a 

respond to the members of the equation, and 

Ist. Any operation may be performed on either or both ratios 
which does not change ths value of the ratio ; 

2d. Any operation may be performed on eitJier or both ratios 
tohich changes both ratios alike. 

m 

1. Can you multiply both antecedents by the same 
number without destroying the proportion ? Why f 

Try it by multiplying the antecedents of 

13 : 6 : : 10 : 5, 

by 3 ; thus 3G : 6 : : 30 : 5. 

Are both of these proportions true ? 

2. If a:b t: c: d, is ma : b ::mo: d? Why ? 
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3. Can you multiply both terms of the same ratio by 
the same number without destroying the proportion ? 
Why? 

Try it by multiplying both terms of the first ratio in 

3:15:: 7: 35, by 6. 

4. If wi : n : : a; : y, is am : an :: x: y? Why ? 
Have you performed an operation which does not 

change the value of the ratio, or one which changes both 
ratios alike ? 

5. Ifm:n::x:y,is — : n::-:y? Why ? 

lam: an:: x: ay? Why ? 

Isw:w::-:^? Whv? 
a a " 

Is m: n:: ax: by? Why ? 

Isam : n ::x: ay? Why ? 

6. Try the questions in the preceding on the propor- 
tion 3 : 5 : : 21 : 35, letting a=4 and b=6. 

Siiggestianm — To ascertain wlietlier two ratios are equal, re- 
dace them to ratios having a common consequent and compare 
their antecedents. (See Exs. 1^16, pages 130, 131.) 



117. There is a very simple method by which we can 
discover all the transformations which can be made in a 
proportion without destroying it. Thus, if we know that 

(1.) a:b::c:d 

is a true proportion, the ratio of a to £ is the same as the 

ratio of c to t?. Now let t = ^» then 3 = r ; when ce a= br, 

a 
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and c=dr, Snbstitnting these yalaes of a and c, the 
proportion becomes 

(2.) br:b::dr:d. 

Now, as (1) may represent any proportion, (2) also 
represents any proportion, and whatever transformations 
can be made on (2) without destroying the proportion 
can be performed on any proportion. 

1. Is the product of the extremes of a proportion 
equal to the product of the means? 

How do you see it from (2) ? 

2. Is the ratio of the antecedents of a proportion equal 
to the ratio of the consequents ? i. ^., is ir : drub : d 
a true proportion ? 

118. A proportion is taken by Alternation when the 
means are made to change places, or the extremes. 

Thus a : h :i c I d becomes by alternation either 
a\ ci:h I d, or d\h \: c: a. The appositeness of the 
term alternation (taking every other one) is seen from 
the fact that the new order is obtained by taking the 
terms alternately ; that is, 1st and 3d, 2d and 4th ; or 
4th and 2d, 3d and 1st. 

3. lia\h:: c'.d/i&d\i :ic:a9, true proportion ? 

Suggestion^ — If a : & : : c : d, we have &r : & : : (2r : (2, as above. 
Then we are to ascertain whether d:h wdr ihr. What is the 
value of the first ratio ? Of the second ? 

4. liaih :\c: dy does it follow that a\ d::h i c^ 

Suggestion. — Is hr \ d iih : d/r necessarily true 1 What is the 
value of the Qrst ratio ? Of the second t 
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5. li a I b 11 c : dy vi d I e \i i I a? 



Note. — All these inquixies are to be answered by examining 
the proportion in the form hr:h:\dr:d, 

G. 11 a\l \: c: dyiBi : a\i d: c a true proportion ? 

119. A proportion is taken by Invorsion when the terms 
of each ratio are written in inverse order. 

Thus, if a : i : : (? : ^ by inversion we have b : a:: d: c. 
It is to be observed that in inversion the means are 
made extremes, and the extremes means. 

7- Is 11 : 13 : : 44 : 52 a true proportion ? 
Is it true if taken by inversion ? 

8. Write a: b ::e: d first by inversion, and this re- 
sult by alternation. 

Is the last form a true proportion if the first is ? 

9. If you invert one of the ratios of a proportion, and 
do not the other, does it destroy the proportion i i, e., 
iab :br :: dr: d necessarily a true proportion ? 



10. It a :bi: c:df does a+b : azic+d: e? follow? 

SuggesHon^—kA above, r being the oommon ratio, the pro- 
portion a:h ',: c\d can be written hr ih wdr id. Whence we 
have 6r + 6 ihrw dr-{-d : dr. What is the value of the first ratio ? 
Of the second ? Are they eqnal ? 

120. A proportion is taken by Composition when the 
sum of the terms of each ratio is com/pared with 
either temn of that ratio, the same order being ob- 
served in both ratios ; or when the sum* of the ante* 
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cedents and the sum of the consequents are com- 
pared with either antecedent and its consequent. 

Thus, \i a : i w c i dy by composition we have a-\-b : 
ai\ c + d : Cy or a+b :b :: c+d : d^ ov a+c: b-¥d:: a: by 
or a+c: b-^-d :icid. 

m 

11. If a :b:: cidy doesa+c: b^-d iiaii foUowP 
Doesa+e?: h+dii e : d? 

Doesa+df : b-^c::'a:d? 

121. If the difference instead of the sum be takenin the 
last definition, the proportion is taken by DivUion. 

12. It a:b ::c: dy does a— c : a : : b—d : b follow ? 
Does a— J : a : : c— rf : c? 

Does a— J : 5 :: c— eZ : rf? « 

Does a+S : «— S :: c-hd: c-^d? 

BuggesHmt* — ^To exaxnine the last form we put the proportion 
aihwcidiix the usual form hrih wdrid, and then examine 

&r+6 : Jr— 6 : : dr+d : dr^d. 

Now the first ratio is r 5 » or — = ; and the second is ^ — -. , 

dr— » y — 1 dr — d 

or -----^ . Hence, the ratios being equal, the proportion is tme. 



13. If the first term of a proportion is unknown, and 
the other three known, how do you find the first ? t. e., 
solve ximii ain for ir. 

14. If the second term of a proportion is unknown, 
and the other three known, how do you find the second ? 
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15. If the 4th teria of a proportion is unknown, and 
the other three known, how do you find the fourth ? 

16. liaizx'.x'.b^ what is the value of a; ? 

j^uggre^iofi'.— Since the product of the extremes eqnals the 
product of the means «* =a&. Then extracting the square root of 

each member (Axiom 2, 87) we have x=. Va&. 

122. A Mean Proportional between two quantities is ou 
quantity to which either of the other two hears the 
same ratio that the mean does to the other of the two. 

Thus, if a: is a mean proportional between a and J, 
a bears the same ratio to x that x does to h ; i. e.y 

tt • X m * X • 0» 

123, A Third Proportional ^{? ^z^o quantities is such a 
quantity that the first is to the second as the second 
is to this third (proportionaZ), 

Thus, in the last proportion, J is a third proportional 
to a and x. So, also, a is a third proportional to i and x. 

NoTB. — The pupil should notice carefully the language used in 
the last two definitions. We do not say " a mean proportional to*' 
but " a mean proportional hetv>een" two others. So, again, we 
say *' a third proportional to two others." Moreover, it is necessary 
that the two others be taken in the order named in the statement. 
Thus, if ^ is a third proportional to m and n, m : 9i : : n : y. But, 
if y is a third proportional to n and m, n\m\\m\y.^ Notice 
carefully the difference between the two statements. 

17. Pind a mean proportional between 4 and 9 ; i. e., 
solve the proportion 4: :x :: x : 9, 

18. Find a mean proportional between a— J and a + b, 

19. Find a third proportional to 4 and 6. To 6 and 4. 
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SuggestUnim — ^In one case we are to solve 4 : 6 : : 6 : 2, and in 

the other 6 : 4 : : 4 : ir. 

20. Find a Fourth Proportional to 5, 7, and 6, in 
order, L e.y solve the proportion 5 : 7 : : 6 : jb. 

21. Find a fourth proportional to 6, 6, and 7, in order. 
Find a fourth proportional to 7, 6, and 5, in order. 
Having given three numbers, how many different 

fourth proportionals can be obtained ? 

124. A Fourth Proportional to three nwmbers is the 
fourth term of a proportion of which the three are 
the 1st, 2d, and 3d, in the order in which the num- 
bers are namsd. 

Thus a fourth proportional to a, h, and c, would be x 
in the proportion a:i:\c\x. To 5,c, and a it would be 
xmh \ c\:a\Xy etc. 



SECTION XX. 

PROBLEMS IJ^rOLVIJ^O RATIO AJfD PRO- 

PORTIOJf. 

1. Divide 36 into two parts which shall be to each 
other as 7 to 5. 

Suggestion. — Let 7a; and 5a; be the parts. (See Ex. 17-21, 
Sec. xviii.) 

2. Divide a into two parts which shall be to each 
other as m to n. Parts. , — ; — . 
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3. John and George had together 80 cents. George 
gave John 20 cents of his part, when they found their 
portions in the ratio of 2 to 3. How many cents had 
each at first ? 

An8,y John,. 28 ; George, 52. 

Suggestion^— Th^ proportion is a?— 20 : 100— a? : : 2 : 3, or by 
composition a?— 20 : 80 : : 2 : 5. Whence 5aj— 100=160. 

4. John and George had together a cents, George 
gave John b cents of his part, when tbey fonnd their 
portions in the ratio of m to n» How many cents had 
each at first? 

Ans.y George, • ; John, . 

5. Divide 30 into 3 parts, which shall be in the ratio 
of the numbers 2, 3, and 5. 

6. Divide m into 3 parts, which shall be in the ratio 
of the numbers a, l, and c. 

FartSy — -- — , — , and r . 

a+b-hc' a + b + c' a + b-i-c 

V. Four towns are situated in the order of the letters 
A, B, C, D. The distance from A to D is 120 miles ; 
the distance from A to B is to the distance from B to 
as 3 to 6 ; and one-third of the distance from A to B, 
added to the distance from B to C, is three times the 
distance from C to D ? How far are the towns apart ? 

Ans., A to B, 36 miles ; B to C, 60 miles ; C to D ' 
24 miles. 

8. Pour places are situated in the order of the 4 
letters. A, B, C, and D ; the distance from A to D is 34 
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miles ; the distance from A to B is to the distance from 
C to D, as 2 to 3 ; and \ the distance from A to B, added 
to ^ the distance from C to D^ is 3 times the distance 
from B to 0. Eeqiiired the respective distances. 
DistanceSy A to B, 12 ; B to 0, 4 ; and to D, 18 miles. 

9. Divide the number 50 into two such parts that 
the greater increased by 5, may be to the less diminished 
by 5, as 7 to 3. 

10. A footman started from a certain place^ and trav- 
eled 4 miles an hour. After he had been gone 3 hours^ 
a horseman started in pursuit, riding 7 miles an hour. 
How long before the horseman would overtake the foot- 
man ? How far from the starting-place would the foot- 
man be overtaken ? 

Suggestion, — How many miles would the horseman gain on 
the footman each hoar ? How many miles had he to gain before 
OYMtakiag him. The proportion is 

3 : 12 : : 1 : «, 

X being the time required to overtake the footman. 

11. The hour and minute hands of a clock are exactly 
together at 12 M. When are they next together ? 



QiuggesHon. — Measuring the dis- 
tance around the dial by the hour 
spaces, the whole distance around is 
12 spaces. Now, when the hour hand 
gets to 1, the minute hand has gone 
clear around, or over 12 spaces. But 
as the hour hand has gone one space, 
the minute hand has gained only 11 
spaces. Now as the minute hand 
must gain an entire round, or 12 
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spaces, to overtake the hoar hand, we have the qaestion : If the 
minute hand gains 11 spaces in 1 hour, how long will it take to 
gain 12 spaces? .*. 11 : 12 : : 1 hour : x hours ; and x^\-h hours, 
or 1 hour 5i\ minutes. 



12. At what time between 3 and 4 o'clock does the 
minute hand pass the hour hand ? 

Stiggestian. — Reckoning from 12 o'clock, when the hands are 
together, how many spaces must the minute hand gain in order to 
pass the hour hand between 3 and 4 o'clock ? How many does it 
gain in an hour ? It passes at 8 o'clock 16i^ minutes. 

13. A's age is to B's as 4 to 3, and if twice B's age 
be added to A's, the sum will be 100 years. Eequired the 
age of each. 

14. A ship and a boat are descending a river at the 
same time; and when the ship is opposite a certain fort, 
the boat is 13 miles ahead. The ship is sailing at the 
rate of 5 miles, while the boat is going 3. At what dis- 
tance below the fort will they be together ? 

Ans.y 32^ miles. 

15. A certain man found when he married, that his age 
was to that of his wife as 7 to 5. If they had been mar- 
ried 8 years sooner, his age would have been to hers as 3 
to 2. What were their ages at the time of their mar- 
riage? 

Ans., His age, 56 years; hers, 40. 

16. A field of 864 acres is to be divided among three 
farmers, A, B, and C ; so that A's part shall be to B's as 
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5 to 11, and C may receive as much as A and B to- 
gether. How much must each receive ? 

Ans., A, 135 ; B, 297 ; 0, 432 acres. 



SECTION XXi. 

SIMPLE EQUATIOJfS, WITH TWO VJ^KJfOWJ^ 

QUAJfTITIES. 

125. It frequently happens that a problem requires us 
to find several quantities, so that there is more than one 
unknown quantity. In such cases it is sometimes best 
to use two or more letters, each representing one of the 
quantities sought. Let us study such an example. 

1. John and George's ages together amount to 29 
years, and 3 times George's plus 5 times John's age is 113 
years. What is the age of each ? 

SoiiUTiOK. — We might solve this by letting a; represent George's 
age, and 29— a? John's, as we have done several in the preceding 
section. But we wish to do it in another way, in order to learn 
how to proceed with ttoo unknoton quantiHes. We therefore let 

X represent George's age, 
and y represent John's age. 

Now the sum of their ages is 29 ; hence 

« -h y = 29. 1st equation. 

Again the example says that 3 times George's age, i. e. Sx, plus 
5 times John's, i. e. 5y, is 113 ; 

hence 3a; -h 5y = 113. 2d equation. 

This is the »tatement. 
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In order to Bolve the equations let us find tlie value of ^ in each. 
Thus from the 1st, y = 29 — aj. 

From the 2d, y = = . 

o 

Now as y means the same thing in both equations, 29 — x is 
equal to — ^ — , for each is the yalue of y. Hence we have 

This being an equation haying only one unknown quantity^ we 
can find the yalue of a; in known quantities. Solving, we have 

113-ar=146-6aj, 
6a?-3«=145-113, 
2aj=32, 
aj=16, George's age. 

Finally substituting this value of x for x in the equation y=29— a; 
we have y = 29 — 16, 

y = 18, John's age. 

126. We notice that there were two unknown quanti- 
ties involved in this problem, and that there were two 
statements, each of which gave rise to an equation. But 
the equations were not the same, although z represented 
the same thing in eachy and also y. 

127. Independent Equations are such as express different 
conditions, and neither can be reduced to the other. 

128. Simultaneous Equations are those which express 
different conditions of the same problem, and con- 
sequently the letters representing the unknown 
quantities signify the same things in each. The 
equations of such a group are all satisfied by the 
same values of the unknown quantities. 

Queries, — Are the two equations which we used in the preoed- 
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iuQ eTiQ,mp\Q independent f Why? Can you transform «-Hy =29 
into3a; + 5y=113? 

Are these two equations simultaneous ? Why ? 

If we took the equation 8j;+5^=:113 and then made an equation 
8^^22=8, from Ex. 15^ in the preceding section, in which x repre- 
sents the wife's age and y the husband's, would these two equa- 
tions be independent? Why? Would they be simultaneous? 
Why? 

AreaJH-y=29, and 3a?+2y=58, independent? Why? Can you 
make either fonn the other ? How ? 

Note. — We can readily tell whether two equations are independ- 
ent, but we can not tell whether they are simultaneous unless we 
know what each one means. Thus, were I to give you the two 
equations aj+y=29, and 3y--2jr=8, you could not tell whether they 
were simultaneous or not, unless I told you what x and y meant 
in each. You could treat any two equations with two unknown 
quantities as simultaneous, if you chose, and find values for x and 
y which would satisfy them both. But if one of the equations had 
reference to one problem, and the other to a different problem, 
the values of x and^ thus obtained would not refer to either prob- 
lem. 



129. We notice farther that in solving the last exam- 
ple we combined the two equations having two unknown 
quantities, so as to make one equation having but one 
unknown quantity. 

180. Elimination is the process of jyroducing from a 
given set of simultaneous equations containing two 
or more unhnown quantities, a new set of equations 
in which one, at least, of the unhnown quantities 
shall not appear. The quantity thus disappearing 
is said to he eliminated. 
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(The word literally means putting out of doors. We 
use it as meaning causing to disappear.) 

181. There are Throe Methods of Elimination in most 
common use, viz., by Comparison, by Substitution, and by 
Addition or Subtraction. 

Note.— Any one of these methods will solve all problems ; but 
some problems are more readily worked by one method than by 
another, while it is often convenient to use several of the methods 
in the same problem, especially when there are more than two un- 
known quantities. The method given above was comparison. 



BZimination by Cknnparis&H. 

If we examine the solution of the last example we 
shall see that it suggests the following 

182. RULE.— Ist. Find expressions for the value of 
the same unknown quantity from each equation, in 
terms of tJie other unknown qicantity and known 
quantities, 

2d. Place these two values equal to ea^ch other, and 
the result will he the equation sought. 

Dem. — Tlie first operations being performed according to the 
rules for simple equations with one unknown quantity, need no 
further demonstration. 

2d. Having found expressions for the value of the same un- 
known quantity in both equations, since the equations are simnl- 
taneous this unknown quantity means the same thing in the two 
equations, and hence the two expressions for its value are equaL 

Note. — The resulting equation can be solved by the rules 
already given. 
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1. Given 3a;+2y=26, 
and 5a;-2y=38, 

to find the values of x and y^ eliminating by comparison. 

Siuggesti^on^—'^tom the l0t» y = — - — , 

and from the 2a, y = — 5 — . 

Hence, shioe y means the same thing in both equations, i. e^ 
since the equations are simultaneoos, 

26-"8g _ Sjg— 86 
~2~--""2~' 
Then, 26-ai; = &i;-88, 

«= 8. 

8abstitnting in y = — ^^ — , 

y = 26-24 _ 
2 "■^• 

NoTB. — ^In the following we shall assame that the equations are 
simultaneous. 

2. Given \ ^ .".«!• to find y and a;. 

( y+4x= 48) ^ 

y=24, a:=6. 

3. Given •< , ^ ^«« >• to find « and y. 

«=4, y=2. 

4. Given J ^ ^ . ^ i to find a? and y. 

a;=4, y=5. 

188. Note. — In such examples the values of the unknown 
qoanUties as found must HuHtfy hath equaiions. Thus, in the last 
example, substituting in the first equation, we have 4 • 4+0 • 5=46, 
which is true. Also in the second, 5 • 4^2 • 5=10, a true equation. 
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But we can readily find numbers which will Batisfy one equa- 
tion and not the other. Thus fl;=10 and ^=1 satisfy the Ist of 
these equations, but not the second. So fl;=6, ^=10, satisfies the 
eeoond but not the first. Ths true wduet mvut stUisfy bath egiuUions, 

Solye and ver\fy the following : 

5. 3a;=HH-2y, 7y-2a;=21. 

6. 5y=128-6a:, 3a;=88-4y. 

Suffgesiianm — ^From the first, y= — — ; from the second, 

Qx—n 
y = (m — 3)aj — a. Hence, -5- — =r (m — 3>b — «. Solving this, 

2a*m—n 
2am*— 6am— 3' 
To obtain the value of y it is sometimes better to return to the 
original equations, and eliminate x us y was eliminated. Thus, 

from the first, x= ? — ; from the second, x= ^ — ^ • Hence, 

3 w — 3 

2amy+n_y+a a^i^^^+u:. 3a+3n-mn 

— 3— = ii=3- Solving this, y-g^,_^j^_3. 

8. x+y=^ay and x—y^b. 

_ 23»-6g»+g _ 3fl»— a»+g 
^^ "~"3ii ' ^"" 34 • 



EHmituMtion by SubatihUion. 

1. Given |+7y=99, and |+7a; = 61 to find the 
values of x and y by siibstitution. 
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Solution. — ^From the Ist eqaation we find ^=693 ^49y. Hence, 
as X means the same thing in the two equations, i. e., the equa- 
tions are simultaneous, we can substitute this value of ;s in the 
second equation ; whence we have 

|+7(693-4%)=61. 

Solving this, y= 14. Substituting this value of 7 for y in 
fl;==693~49^, we have x=2. 
This solution sugf^sts the following 

134. RULE.— lit. Find from one of the quations the 
value of the unknown quantity to he eliminated, in 
terms of the other unknown quantity and known 
quantities. 

2d. Substitute this value for the same unknown 
quantity in the other equation* 

Dem. — ^The first process consists in the solution of a simple 
equation, and is demonstrated in the same way. 

The second process is self-evident, since, the equations being 
simultaneous, the letters mean the same thing in both, and it does 
not destroy the equality of the members to replace any quantity 
by its equal. 

Solve the following by substitution, and verify the re- 
sults obtained. 

1. 7a;+3y=29, and 5a;-f-2y=20. 

2. 4a;— 7y=34, and 8a;=102— 3y. 

o ^« rt ,..«/. , 4a; 2y— 3 . 8a;+15 

3. 12a;H-3y=5y+36, and ~ ^ — =4y — 

o 7 o 

-36. 

Suggestion. — First reduce the equations to simple forms by 
clearing of fractions and uniting terms. They become 6a;=^ + 18, 
and 2% .-14a;=2d0. 
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. X-\-l 1 , X 

4. = - , and 



5. a;+y=60, and '^^— = ^. 

6. 2ax=a:— 3Jy+f», and aa;+Jy=c. 

_3c— m _«(wi— 2c)4-c 

7. - + I =2, and bx^ay=Q. ir=«, y= J. 

8. 2a;+ '^^ =21, and 4y+ ^^ =29. 

o • 

. 1— 3a; . 3y-l _ , dx+y . 

9. — ^ + -^j- =2, and -^ +y=9. 



JElifninatian hy Addition wr SubiraeH^n* 

1. Given 5f -10+ a; = 10 + —;*^, and:^ + ?-l 
4 4 10 4 

« a:— V 

Solution. — ^Reducing tlie equations to tke simplest foFm, we 

lisive 

(1) 6y+3aj=98, 

and (2) 8y+4aj=80. 

To eliminate y, first multiply both members of the first equa- 
tion by 3, and of the second, by 5. There results, 

(3) 15y-f 9fl;=279, 

(4) 15^+200=400. 

Now y has the same co-efficient in both equations. Hence, if 
we subtract 15^+9^ from 15y+20v, we have ll^v left in the 1st 
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member of (4). Bat we most subtract Jast as much, from the 2d 
member, or else we shall not have a true equation. Hence, as 
279 is just the same as lliy-\-9x, we will subtract it from 400 ; 
whence 121 is the second member, and we have 

lla;=121; orflj=:ll. 

This operation will be seen more clearlj if we write (3) under 
(4), and then subtract member from member, thus, 

(4) 15if+2Qx=4O0, 
(3) 15y4- fti!=279. 

lla;=12l, whence aj=ll. 

To find the value of y, we maj eliminate x by subtraction. To 
do this, multiply the members of (1) by 4, and of (2) by 3, whenc(\ 

2Qy-Hl2aj=372, 
9.y+12a;=240, 

Subtract and 1 1^= 132, whence y = 1 2. 

Having found the value of x, we could have substituted in (1), 
or in (2), as we have done before. 

2. Given 2a;4-3y=7, and 8a;— 10y=6, to eliminate y 
by addition. 

Suggestion* — ^Multiplying both members of the 1st by 10, 
and of the 2d by 8, we have 

209; +3(^=70, 
and 24r— 3()y=18. 

Now, adding the corresponding members, we have 

44r=88, whence aj=2. 

This value of x may be substituted in either of the equations, 
and the value of y determined. But we will eliminate x in the 
same manner as we did y. Thus, multiplying the members of 
the 1st equation by 4, we have 

8aj+12y=28, 
The 2d equation is 8a;~10y= 6. 

Subtracting, 22^=22, whence y=l. 
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Queries^ — What did we subtract from the first member of 
8aJ-hl2y=28 ? What from the second ? From which member did 
we subtract the most ? If two things are equal, and we take the 
same amount from each, how will the remainder compare ? 

From these two solutions the following rule for elim- 
illation by addition or subtraction will be naturally sug- 
gested. 

185. RULE.— Ist. Reduce the equations to the farms 
•x+by=m, and cxH-dy=n. 

2d. If the co-efficients of the quantity to be elimi- 
nated are not alike in both equations, mahethenv so 
by finding their L, C. M., and then multiplying 
each e^quation by this L. C. M, exclusive of the factor 
which the term to be eliminated already contains. 

3d. If the signs of the terms containing the quan- 
tity to be eliminated are alike in both equations, 
subtract one equation from the other, member by 
member. If these signs are unlike, add the equor- 
tions. 

Dem. — ^The first operations are performed according to the rules 
already given for clearing of fractions, transposition, and uniting 
terms, and hence do not vitiate the equations. The object of this 
reduction is to make the two subsequent steps practicable. 

The second step does not vitiate the equations, since in the case 
of either equation, both its members are multiplied by the same 
number. 

The 3d step eliminates the unknown quantity, since, as the 
terms containing the quantity to be eliminated have the same 
numerical value, if they have the same sign, by mbtracting the 
equations one will destroy the other, and if they have different 
signs, by adding the equations they will destroy each other. The 
result is a true equation, since, if equals (the two members of one 
equation) are added to equals (the two members of fhe other equa- 
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tion), the sums are equal. Thus we have a new equation with 
but one unknown quantity. 

3. Given 2a; + 82= 38, and 6ic+5z=82 to find x and z, 
eliminating by addition or subtraction. 

Suggestion, — The coefficient of x in the first equation can be 
made equal to that in the second by multiplying by 3, hence we 
will eliminate x. It would take more work to eliminate z. Why ? 

eaj + »2=114, 
6ajH-6«= 82, 

4«= 33. 
2= 8. 

It is customary when we use addition or subtraction to eliminate 
one of two unknown quantities, to find the other by substitution. 
Thus substituting 8 for «, in 2aj-f 3«=38, we find a;=7. 

In solving the following, eliminate by addition or sub- 
traction first, and having found the value of one unknown 
quantity, find the other by substituting in the simplest 
of the given equations. 

4. x+2ff=17y and 3a;— y=2. a;=3, y—7. 
6. ^ +2^=29, and 32;=12|- ^. Verify. 

6. ^ic— iy=2, and ix-\-iy=1. Verify. 

„ 2x h — y 41 2a;— 1 ^ . , ^ « 

7. y ^ = j^ ^ , andic + 1 :y::5:3. 

a;=4, y=3. 

8. x-^-y : 4a;+y :: 4 : 7, and -^ - — -h — -^ = g 
+ fe-^ «^=3, y=9. 
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^ a h ^ c d 

9. - H- - =m, and - + - =w. 
. z y X y 

Suggestion* — It is not always best to reduce the equations to 
the simplest form. In this example, if we multiply the members 
of the Ist by c, and of the 2d by a, wd can eliminate x by subtrac- 
tion. Thus, 

ac be 

— h — =em, 

X y 

ae ad 

X y 

Subtracting, —cm— an. 

Taking the reciprocals of each member (why does this give a 

true equation?), 

y 1 he— an 

—S— = or y= -L , 

DC— ad em— an ^ em— ad 

Finding the value of ir in a similar manner, we have 

{id bd , 

— + — =dm, 
X y 

be bd ^ 

— + — =bn, 
g y 

ad— be - - 
^f =dfm— on. 

X 

X 1 



Whence, x ^ 



ad— be dm—bn ' 
ad— be 



dm—hn' 



10. - = 1, and = — o • 

X y X y 2 



Solve the following by such of the abore methods as 
are most conyenient : 

11. 7a: + 3y=29, and5x+2y=20. 
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12. 22;=3y, andSa;— y=72. 

2a;— 1 • 

13. y=: — - — , aud 5^=4a;— 4. x=^Z^y y=2. 



,,11 .11 

14. - + - =m, and =«. 

X y X y 



2 2 



a;=21, y=20. 



SECTION XXII. 

PROBLEMS OIVIJ^O RISE TO TWO EQUA- 

TlOJfS EACH. 

1. A can perform a piece of work in 20 days, B and 
can together do it in 12 days. Now, if they all work 
for 6 days, can finish it in 3 days. In what time 
would B or haye done it alone ? 

Suggestion^ — Let x days be the time C would require to do it 
alone, and y days the time B would require. Then O dvoes 

- in a day, and B - . In 12 days, therefore, C and B would do 

X y 

1 =1, the whole work. 

X y 

ft fi fi 
In 6 days, all working together do ^r^r + - + — . To this add 

W X y 
3 

what C would do in 3 days, viz., - , and the whole would be done. 

TT ^ 6 6 3, 

Hence, — H h - =1. 

%^ X y X 
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Reducing the last equation, the two become, 

12 .12 , 
X y 

6 7 
and - + - =77:. Therefore, aj=15,y=60. 

X y Vj 

To solve these, see Ex. 9, page 154. 

2. A and B can do a piece of work in 15 days. When 
it was \ done, they called in C, with whose aid the work 
was finished in 12 days. In what time could alone 
have done it ? 

Ans^ 15 days. 

3. A can do a piece of work in 20 days, and B and C 
can together perform it in 12 days. Now, if all three 
work for 6 days, C can finish it in 3 days. It what time 
would B or C have performed it ? 

Ans,^ B 60 days, C 15 days. 

4. Charles bought five peaches and two pears for 
seventeen cents, and found that two pears cost four cents 
less than two peaches. What did one of each cost ? 

5. A farmer bought three sheep and a cow for twenty- 
six dollars. At the same rate, a cow would cost four 
dollars less than twelve sheep. What did he pay for the 
cow, and what for a sheep ? 

6. A mjtn bought a cow and ten sheep for forty dollars. 
He then sold, at the same rate, seven sheep and a cow 
for thirty-four dollars. What was the price of one of 
each? 

7. If three times Anna's age be added to three times 
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Mary's age, the sum will be thirty-three years ; and three 
times Mary's age is thirty-seven years less than seven 
times Anna's. What are their respective ages? 

8. A certain number, consisting of two places of fig- 
ures, is equal to seven times the sum of its digits, and if 
18 be subtracted from it, the digits will be inverted. 
What is the number? 

Suggestion/^ — Let x represent the tens figure, and y the units. 
Then lOaj-Hy represents the number. The equations are lOflJ+y 
=7(a?+y), and lOaj+y— 18=lQy— a?. The number is 42. 

9. A certain number consists of two digits, and is 
equal to the difference of the squares of its digits. If 36 
be added to it, the sum will be expressed by the same 
digits in an inverted order. What is the number ? 

Ans,^ 48. 

10. There are two numbers in the ratio of 5 : 4, but 
if each be increased by 20, the results are as 9 : 8. What 
are the numbers ? Ans,, 25 and 20. 

11. What fraction is that to the numerator of which 
if 1 be added, the fraction will equal ^, but if 4 be added 
to the denominator, the fraction becomes \ ? 

Suggestion* — Let x be the numerator and y the denominator, 

X iCH-1 1 

BO that the fraction is - . The equations are = -^ , and 

y y 3 

X 1 7 

7 = - . The fraction is 777 . 

y-h4 4 24 

12. What fraction is that which becomes J when 1 is 
added to both numerator and denominator, and 5 when 
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the numerator is multiplied by 25, and the denominator 
diminished by 1 ? 

13. Bought lineu at 60 cts. per yard, and muslin at 
15 cts. per yard, amounting in all to $11.40. I after- 
wards sold I of the linen and \ of the muslin for $3.89, 
haying made 29 cents on this part* How many yards 
of each did I purchase ? 

Ans.y 15 linen, 16 muslin. 

Queries* — ^If there were x yds. of linen, and y of muslin, what 
was the cost ? What was the cost of wliat he sold, in terms of z 
andy? 

14. Purchased 25 lbs. of sugar, and 36 of coffee, for 
$8.04, but the price of each having fallen 1 cent per 
pound, I afterwards bought 2 lbs. more of the first, and 
3 lbs. more of the second, for the same money. What 
was the price of each ? 

15. Two men in partnership divide their gain, so that 
the sum of twice A's share, added to B's share, makes 
twenty-seven dollars ; and if three times B's money be 
taken from four times A's, nineteen dollars will be left. 
How many dollars will each have? 

16. A man said, that if one-half the price of his saddle 
were taken from one-fifth of tlie price of his horse, the 
difference would be fifteen dollai*s ; but one-tenth of the 
price of his horse and one-tenth of the price of his saddle 
together would be eleven dollars. What was the price 
of each ? 

17. The sum of two-thirds of the greater of two num- 
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bers added to the less is twelve ? but the sum of one- 
fourth of both is only four. What are the numbers ? 

18. A man said that the sum of four-fifths of the 
value of his horse, added to^ two- thirds of the value of his 
cart, was forty-two dollars, and that the difference be- 
tween one-third of the value of his cart and three-fifths 
of the value of his horse, was nineteen dollars. What 
was the value of each P 

19. Four pounds of coffee and three pounds of tea cost 
$4.98; but when coffee fell 16|j^, and tea rose 20j^, six 
pounds of coffee arid three pounds of tea cost $6.00. 
What was the price befpre the rise ? 

Ans^ Coffee, 12 cts.; tea, $1.50. 

20. A man bought coffee at 12 cents, and tea at 75 
cents a pound, and paid for the whole $249 ; the next 
day he disposed of ^ of his coffee and f of his tea for 
$180, which was $10.80 more than it cost him. How 
many pounds of each article did he buy, and how mnch 
of each did he sell ? 



SECTION XXIII. 

SIMPLE JEQUATIOJVS WITS THREE CW- 
KJ^OWJ^ QUAJ^TITIES. 

12/ "f" 1/ "4" T ~^ lo \ 
c « .xo f to find the values of x, y, 
ic+2y + 3z=23 V ^ 

a; + 3y + 4;2=28 ) 
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Solution.— -Sabtracting the members of the let from those of 

the 2d, 

y+22=8. 

In like mamier, from 2d and 3d, ^ + 0=5. We now have 

y+22=8, 
and y+ g=5, 

two equations with two unknown quantities. Solving these as 
already learned, we find £=3, and ^=2. These values substituted 
in any one of the given equations, give a;=10. 

From this example we readily infer the following rule 
for elimination, when there are three equations with 
three unknown quantities : 

186. WLEu-^Combine one of the equations with each 
of the other two, so as to eliminate the same un- 
known quantity from each. There will thus result 
two equations with two unhnown quantities. 

These can be solved by the methods of the preceding ^ 
sections. 



or.- J Q . IV . o 1 oo I *<^ fi^d t^® values of 

2. Given •< 8a;+7y 4-92=122 V 

Ans.y a;=4, y=9, and iK=3. 



3. Given 



to find the values of 
X, yy and z. 



4a;— 3y-f 25;=10 
5a; + 6y— 8z=— 1 
— a;+8y-f3j2;=44 

Ans.y 05=3, y=4, and j8j=5. 

( 5a;4-3y+2j2;=29 



M n^ ) « .' - ^ f to fiiid the value of x, y, 

4. Given < 2x+by-^z =14 V , ' ^' 

{ 3a;— 2// + 4;j=20 ) 
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6. Given -« 



2 -^^ 



to find the values of 
X, y, and z. 



An8,y a;=24, y=9, and z=b. 



^213, 
3 2^ 4 



6. Given •< 



to find the valne 

12 y 

-x + - y -f 3;? = —13 I of a;, y, and jj. 



2" • 3 
,3a; — 2y + z =2 

j4w5., x=6, y=12, and «=8. 



1. James, Henry, and George, have each a certain 
number of cents. 

If James gives Henry 6 and George 3, he will then 
have I as many as both of them ; but if George had 20 
^ore than he has, he would have half as many as the 
other two. George's money, plus J of Henry's, equals 
James's. How much has each ? 

Ans., James, 60 ; Henry, 40; George, 30. 

2. What number is that expressed by three digits, 
to which if you add 297 the order of the digits will be re- 
versed; the number expressed by the last two of which 
is twice that expressed by the first two, less 3 ; and 3 
times the difference between the extreme digits is 1 more 
than twice the mean. What is the number ? 
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Suggestion. — Letting x represent the Imndreds digit, y the 
tens, and z the units, the number is represented by 100eB+10|y+& 
The equations are 

100a;+ IQy +«-l-297=10(te+ lOy+aJ. 
lQy+g=2(10!r-|-y)-3, 
and 8(2— 2;)=2y+l. The number is 245. 

3. A merchant bought at one time 4 barrels of flour, 
3 barrels of rice, and 2 boxes of sugar for $72 ; at another,. 
2 barrels of flour, 5 barrels of rice, and 3 boxes of sugar 
for t84; and at a third time, 5 barrels of flour, 9 barrels 
of rice, and 8 boxes of sugar for $187. What were the 
flour and rice per barrel, and what was the sugar per 
box? 

4. Three boys, A, B, and C, counting their money, it 
was found that twice A's added to B's and G's, would 
make $5. 25 ; that if A's and twice B's were added, and 
from the sum C's were subtracted, the result would be 
$3.00 ; and the three together had $3.25. How much 
money had each ? 

5. Three men owed together a debt of $1003, but 
neither of them had sufficient money to pay the whole 
alone. The first could pay the whole, if the second antf 
third would give him ^ of what they had ; the second 
could pay it, if the first and third would give him ^ of 
what they had ; and the third could pay it if the first 
and second would give him -f^ of what they had. How 
much money had each ? 
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SECTION XXVI. 

MEAJflJfO OF FRACTIOJ^AL AJfD JfEGATIVE 

EXPOJfEJ^TS. 

In Sectiox II. we learned that a figure written at the 
right and a little above a letter or figure, is one form of 
what is called an Exponent, and it was there promised 
that we should learn more upon this matter. We will 
first attend to some definitions which, though they have 
been learned in arithmetic, need to be made very fa- 
miliar. , 

187. A Power of a numher is the prodicct which 
arises from multiplying the numher by itself, i. e., 
taking it a certain numher of tim^s as a factor. 

Illustration. Sua power of 2 because it is the product aris- 
ing from multiplying 2 by itself. So also 16, 82, 64, 128, etc., are 
powers of 2. Again, a*, a^, a*, a*, etc., are powers of a, since tliey 
are products arising from multiplying a by itself. Is 27 a power 
of 3 ? Why ? How many times is 3 taken as a factor in 27 ? Is 
aj* a power of a? ? Why ? How many times is x taken as a factor 
Ifix'^l Is 12 a power of 2 ? Of 3 ? Why not ? Is 06 a power of 
a, or of bt Can you make ab by taking either a or & only, as a 
factor ? 



188. A Root of a number is one of several equal /owj- 
tors into which the number is to be resolved. 

Illustkation. 2 is a root of 8 ? Why ? Is 3 a root of 27 1 
OfSl? Of7? Ofl2? Isaarootofa«? Ofa»? Ofa«t Why? 
la a A root of a& ? Of <5a? ? Why not ? 
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189. The Square or Second Root means' one of the two 

equal factors of a number, and is indicated by the 
radical sign, ^ , or by the fractional exponent i. 

The Cube or Third Root means one of the three equal 
factors of a number, and is indicated by the radical 
sign with 3 in the opening thus \/"~> or by the frac- 
tional exponent i. 

Fourth, Fifth, and higher roots have sim/ilar meanr- 
ings and are indicated in a similar rnanner. 

1. Read \/4*. 
What does it mean ? 
What is its value ? 

2. Read 4* (This is read *^ 4, exponent f") 
What does it mean ? 

What is its value ? Is VI = 4* ? ' 

3. Read Vm. 
What does it mean ? 

Can you tell its value ? Why not ? (Because we do 
not know whatm represents. As m may mean any thing, 

"^m may mean one of the equal factors of any number 
whatever.) 

4. Read V^« 
What does it mean ? 

Can you tell its value exactly? 

* It is presumed that the pupil is familiar with this from arith- 
metic. He Is expected to read " the square root of 4." 
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Is Vs more than 2 ? 
Is it less than 3 ? Why ? 

6. Bead -y^S. 
What does it mean ? 
What is its yalue ? 

6. Bead 8*. 

What does it mean ? 

Is \/8 = 8*? 

7. Read y/z. 

What does it mean? 

1 
Is ^\/x = a;"? 

We will now give the full definition of an exponent, 
which should be very carefully studied, together with all 
that follows in this section. This is usually one of the 
most perplexing subjects, but we may hope by careful 
attention to strip it of its terrors. 

140. An Exponent is a small figure, letter or other 
symbol of rvwmber, written at the right and a little 
ahove another figure, letter or symbol of number. 

Point out the exponents in the expressions a8, &*, (•"*, a? », 

y , €t , e » What is the exponent of e in the last expression? 

Is it m? orn ? or ^ ? or — ^ ? Be very careful and notice that 
the exponent may be a fraction, and may have a — sign. 
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141. There are Thrae kindt of Exponents, viz., positive 
intejSral, positive fractional, and negative* 

142* A Potitivo Integral Exponent ^^Tti/^^^^fA^ TKztTTtr- 
ber affected by it is to he taken as a factor as many 
times as there are unitsin the exponent. It is a kind, 
of symiboL of multiplication. 

How TO Read. — We hAve already learned about PatiHve InU- 
gral EjrponenU (8), and have now only to refresh oar memoiy. 
2' b read " 3, second power/' or " 2 square ; '* so a' is read " a, 
second power/' or " a square ; " 5' is read " 5, third power/' or 
" 5 cube ; " so a;' is read **x, third power," or '*x cube ;" m* ia 
read " m, fourth power/' etc 

J[fm.i$an integer a;* may be read " r, mth power ; " aoifn Uan 

integer, y* may be read " y, nth power/' Bvi, \f fsedo not know 
that the letter used reprenenU a positive integer, it is absurd to 
read it so. You will see how this is in (143). 

If m represents a positive integer, of* means xstx . , . etc, to m 
factors, just as x'^ means xx, etc., to 5 factors, t. e., xxxxx. Of 
coarse we cannot write out aU the factors of xm , for we do not know 
how many m indicates. 

1. How is y* read ? 
Wliat does it mean ? 

Write it in another form iyyyyy)* 

2. What does x^ mean ? 

Write it in another form. Bead it. 

3. Read (a-J)». 



* It is not necessary to specify positive integral, negative inte- 
gral, positive fractional, and negative fractional, as will appear 



from the treatment. 
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What does it mean ? 

Write it in another form : (a— ^)(a— ^)(a— J). 

4. How many times is a;+^ a factor in (ic+y)* ? 
Write it in another form. 

6. If m is an integer, what does o* mean ? 

How is it read ? 

Write it in another form. 

6. If n is an integer, what does {a^-x)* me^n ? 
How many tim^s is o+a; a factor in (a+a:)" ? 



143. A Positive Fractional Exponent indicates a power 
of a root, or a root of a power* The denominator 
specifies the root, and the numerator the power of 
the number to which the exponent is attached. 

How TO Read. — Such an expression as 8^ is read "8, exponent 
|." So «* is read "aj, exponent f." This means x wUh an expo- 

nent J, the words " with an " being left out for brevity, y * is read 
"y, exponent ^." Thus any form of exponent can be read.* 

MBAxmo OP Fractional Exponents. — According to the defini- 

2. 
tion 8* means the second power, of the third root of 8. Now the 

a 
third root of 8 is 2, and the second power of 2 is 4. Hence 8*^ is 

the same as 4, 1. «., 8'*=4. 

* The teacher needs to understand and fully explain, if there 
should be occasion, that such a reading as " 8, two-thirds power/' 
is absurd. There is no such thing as a two-thirds power. The 
definition of a power excludes it. Moreover, such a reading leads 
the pupil astray. 
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Again, re* means that one of the n equal factors of 2; is to be 

taken m times as a factor, just as (16)^ signifies that one of the 4 
equal factors of 16 (i. e„ 2) is to be taken 3 times as a factor 
(f. «., 3»2.2, or 8). Now as we do not know what number is repre- 
sented hyx, or what by m, or n, we cannot say any thing more defi- 

nltely about x* than has been said ; but we can tell that (16)i=8. 

1. Read 4*. 

What does it mean ? 

Into how many factors is 4 to be resolved? 

How many are to be taken ? 

What is the yalue of 4* ? 
What is the value of {V^Y ? 
Of v^ ? Are all alike ? 

2. Read (125)* Read ^Jv^. Read (Vl25)7 Is 
there any difference in value ? 

3. Read 7** 

What does it mean ? 

Can you tell its value exactly ? Why not ? 
Can you find a number which, taken 3 times as a factor, 
makes just 7? 

Is 7' more, or less, than 4? 

How do you know ? 

Is it more, or less, than 1 ? Why? 

4. Read y*. What does it mean ? Write it in two 
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other forms. (See Exs. 1 and 2.) Can you tell the exact 

« 

value of y*. 

5. Read, a*, a^, x*. 
Write these in other forms. 
Tell what they mean. 

[Note. — ^A fraction used as an exponent has not the same signifl- 
cance as a common fraction. Thus f , as a common fraction, indi- 
cates the sum of 2 of tlie 3 equal parts of a quantity ; but ^ used 
as an exponent indicates the product of 2 of the 3 equal factors of 
a quantity. In all explanations this is to be kept clearly in view.] 



144. A Negative Exponent, i. e., one with the- sign he- 
fore it, either integral or fractional, signifies the 
reciprocal of what the expression would he if the 
exponent were positive, i. e,, had the + sign, or no 
si$n at all hefore it. 

How TO Read. — The expression a is read " a, exponent— J." 
X is read " x, exponent — m," etc. 

Meaning op Negative Exponents. — According to the defini- 
tion, 2"' is the reciprocal of 2^, i. e., 2~*= ^n > ®^^ «• So »"*= — ; 

y—^= -r, or-— ;a-3^ = — , etc. 
yt Vy ai 

1. What is the value of 8~* 
Of (125)"*? Of 4"^? OfS""*? 
Of (32)"^ ? Of (16)"* ? Of 2"' ? 

Of8"4? Of(27)"i? Ofl"^? 

8 
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5i. What does x"^ mean ? How read ? 
3. What does 5» mean ? How read ? 



ITtiw Negattve Exponents arise frwfn Division, 

1. What is a3 -f-a ? a»^a«? 

» 

2. How do you divide a quantity affected by an expo- 
nent by the same quantity affected with another expo- 
nent ? 

3. ^Yha,t 18 z^ -^x^ ? 

Solution. — By the rule for division a;'-i-aj*=aj=*-*=aj-*. But 

X'^'i-x'^ may be written — which is — r. Hence we see that x-* = 
1 



«*• 



4. Solve as above a^-i-a^, and thus show tha't a * 
1 



a^ 



5. Solve y-r-y'^ so as to show that y"* = — . 

6. Whatisa3_^a3? 

Solution.— By the rule for division a^'i-a^=a^-^=a'\ But 
a ^-5- a' may be written— which equals 1. Hence we see that 

145. Any Quantity with an Exponent is 1. 

7. Show as above, from x^-r-x^, that a;o==l. 
Also from Z>"*h-2>'", that 1^=1. 

Also from y^y, that ?/o=l. 



SIMILAR RADICALS. y^i 



Mow FracUonal JExponenis arise frtnn FactoHng^ 

1. What is one of the two equal factors of a* ? of a* ? 
of a« ? 

146. Thus we see that we can express one of the two 
equal factors of any number by dividing its exponent by 2. 

2. What is one of the two equal factors of a ? 

SoLTn*iOK. — Since aiaa\ and eince we can express one of its 2 
equal factors by dividing its exponent by 2, we have cr as one of 
the two eqaal factors of 2, i. e., Va—cr, 

3. Show and explain as above, that x^ and V^ are 
the same. 

4. Show and explain that Va^=a*. 

SoiiUTiON. — ^By the definition of a square root we know that |/J3 

means one of the two equal factors of a^. But by the rules for 
division we know tliat a quantity can be resolved into two equal 
factors by dividing its exponent by 2. Hence one of the two equal 

factors of a^ is a^, i. e., Va^=za*, 

5. Show and explain as above that ^/x^=x^. 



SECTION XXV . 

SIMILAR RADICALS. 

147. A Radical Number is an indicated root of a num- 
ber. If the root can be extracted exactly, the quan' 
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tity hecomes Rational ; if the root cannot be exitracted 
exactly, the expression is called Irrational, or Surd. 

Is Vi a radical ? Is it rational, or irrational ? 
Is /y^29a^ a radical ? Is it rational, or surd 7 
Is VE a radical ? Is it rational, or irrational t 
Is Vlida a radical ? Is it rational, or surd ? 
Is Va* —6 rational, or irrational ? 
Is Va* 4-20^+6* rational, or irrational? 

148. Similar Radioals are like roots of like quantities. 

Thus SV2a, 5mV2a, and (a—b)V2a, are all similar radicals, for 

it is the square root of 2a whicli is involved in each. But 31^309 

and 4mV5a are not similar, nor are bVa and 5^a. In order to 
le similar the radical factor mu«t he exactly the same in each. 



149. It is frequently the case that dissimilar radr- 
icals can he reduced to similar ones. This is done 
upon the following 

Principles. 

Ist. The product of the same root of two or more quan- 
iiiiesy equals the like root of their product. 

2d. The quotient of the same root of two quantities 
equals the like root of their quotient. 

Illustration.— The first principal asserts that Vi X V^ = 

Vm, as 1^4 X 1^ is the product of the square roots of 4 and 9, 

and Vm is the square root of the product of these numbers. But 
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V4c X 4/9 =2X3=6, and Vm-^, Therefore V4x V^= 4^86. 
Is the sum oi the square roots of two numbers equal to the square 

root of their sum f t. «., is Vl+ Vd= Vi+i ? 



V9 
The second principle asserts that — — = J / j . That this is 



=j/l 



true we have learned in arithmetic, since we there learn tliat to 
extract the square root of a fraction we had but to extract the 
square root of the numerator and denominator separately. Is 

VS- V25= V49-25 ? 

A study of the following examples will make these 
principles clear. 

1. Extract the square root of 30, by resolving it into 
its prime factors.* 

Solution. 36=4x9=2-2X3. 3=23x2.3=6X6. Hence 6 is 
one of the two equal factors of 3G, and is therefore its square 
root. 

2. Extract the square root of 225, by factoring, first 
into two factors which are square numbers. 

3. Extract the cube root of 216, by factoring. 

Solution. 216=27x8=3.3.3x2.2 2=2.3x3-3x3-3=6x6x6. 
Hence 6 is the cube root of 216 as it is one of the three equal 
factors of 216. 

4. Extract the cube root of 3375, by observing that 
3375=27x125. 

150. From these examples we see that a root may 
he extracted by extracting the root of the factors of 

the quantity and taking the product of these roots. 

> — — — .-_^ — ■ 

* This process should have been taught in arithmetic. If it has 
not it should be made familiar here. 
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This is the same as Principle 1. But we will give a 
formal demonstration of this principle, as it is a very 
important one. 

Bem.— That ia ^x X ^V = v^«y . This is evident from the 

fact that ^xy signifies that a^ is to he resolved into m equal factors. 
If now each factor, as x and y, he separately resolved into m equal 
factors and then the product of one factor from each he taken, there 

will be m such equal factors in xy. Thus H^x is one of them equal 

factors of x^ and J^y Is one of the m equal factors of y. Hence 

[V^i X ^y ] X [y^ X v^y ] X i^xX v^y] etc, torn factors 
of ^x X yV, makes up xy. Therefore ^y/x X y^ = y^. 

25 

5. Extract the square root of r^ . 

How do you do it ? 

6. Extract the cube root of -trrr . 

_ ^^ 

V^i25 8/125 

y/W " y 27 ? 

A formal demonstration of the 2d Principle is as fol- 
lows: 

Dem. — Let m he an integer and x and y any numhers ; we are to 

provethat^^^,or^=0. Kow. that ^=^f 

ts evident, since Hl^ raised to the wth power, that is 

V^X v^ X v^X ^ - - - torn factors x 

"mr^^ — ir= — ir= — ^= ' = " J whence it appears 

vy X vy X yy ^ v^y • - - to w factors y 

that -— . is the mth root of - ; or equals 
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151. The Degree of a radical is determined hy the 
number of factors into which the quantity is con- 
ceived to he resolved. 

/ 

Thus Va is of the 2d degree, so also is a* ; ^/x, or or, is of the 
3d degree, etc. 



To Reduce IHssimUar Madicals of the same Degree 
to Similar lUidicaZSf when it can he done. 



1. Eeduce vl28 and ^/TZ to similar radicals. 



Solution.— Since Vl28= 4^4x32, or -/iGXH, or 4^gIxX wo 
can put it equal to Vi ^32, VIC V^, or V^ V^, and theso are 
respectively 2 VM, 4 ^8, and 8 ^21 In like manner 1^72 = ^9X8, 
or i^36x2, which are V^ V^, and ^36 ^2, or 3^8 and 6^2 re- 
spectively. Now we see that if we put Vl28 = Vcix 2 = 8 ^2, 
and ^72= ^36X2=6 4^, we have the radicals similar. 

From this process we infer the following 

152. WLE.—Ohserve all the factors of the quantities 
under the radical signs which arc perfect powers of 
the degree of the radicals. If tJien tlie quantities 
under the radicals canhe factored so that each sJiall 
have a common factor ^ and a factor which is a per- 
fect power of the sam,e degree as the radical, extract 
the root of the latter factor , and remove it from 
under the sign in each case, leaving the common 
factor under each radical sign. The radicals will 
then he similar. 

2. Reduce a/18 and v/8 to similar radicals. 
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3. Reduce "^^Ula^x and ^3a*a; to similar radicals. 
Suggestion. 21a^x-^a* X3a;, and 3o*a?=a* XSr. 



4. Reduce i/lOSoa;* and V48aa;* to similar radicals. 

5. Reduce \/l2, 2\/27, and 3\/75 to similar radicals. 
Suggestion^ 2 V27=2 i^9x3=2 1^9 V3'=:2.3 V^ =6 Vs. 

ITe observe that if the radical has a ca-effidentj the root 
of the factor removed from under the radical mtist be mul- 
tiplied into this co-efficient. 



6. Reduce bV^^a^x^ and 3\/108fl*a; to similar radi- 
cals. 

7. Reduce 2^/Vltbm^x^y and 8V^52m^3 to similar 
radicals. 



SECTION XXVI. 

ABBITIOJf AJ{B SUBTRACTIOJf OF RADI- 
CALS. 

1. Three times V^aiand 5 times V^^m^ike ho wmuny 
times \/2i. 

2. Seven times a/So^ minus 3 times v^5a^are how many 
times i/5a? 

3. A:VT + ^VT— bVl are how many times V^? 
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4. 2vl2y + 3 V4% are how much ? 

SoLUTiox. — The radicals are dissimilar, and we cannot say that 
2 times ^^12^ and 3 times 1^8^ make 5 times either, or anything. 
But let ns see if the radicals cannot be made similar. 2Vl2y 
=:4V^; and3V^=12y%. Now 4V^+12V3y=16V^. 

From these examples we readily infer the following 

158. RULE.— i/* the radicals are similar, add or sub- 
tract their co-efficients and to the result annex the 
common radical. If the radicals are dissim/ilar, 
reduce them to- similar radicals, if possible, and 
proceed as before. If they cannot be made sim/ilar, 
they can only be connected with their proper signs 
like other dissimilar terms, 

Dem. — When the radicals are similar the radical factor is a com- 
mon quantity and the co-efficients show how many times it is taken. 
Hence the sum, or difference, of the co-efficients, as the case may 
be, indicates how many times the common quantity is to be taken 
to produce the required result. 

If the radicals are not similar, the reactions do not alter their 
yalues ; hence the sum or difference of the reduced radicals, when 
they can be made similar, is the sum or difference of the radicals. 

5. Add 3 V45 and 7V2a 

6. From 8\/l25 take 2-\/80. 

7. Add 6a/27 and 9VT92. 

8. From 9vT92 take 7 a/75. 

9. Add 2V28a3a; and 3V2b2a^x. Sum, 22aV7ax. 

10. From 6V363a^y^ take 3V'242«»y«. 

8* 
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^^^^^■•^^ 



11. Add aV^b and cV^. Sumy (a + c)V^- 

12. From %c^/x\j take %h^/xy. 

13- Add 10aV28a«a; and 5iV63d«iC. 

14. Prom 3 V75mV ^a^e 2\/27m3y3. 

15. Add VlS^ and a/T^ 

S«e^|jf«^lon.— Ab theae radicals cannot be made similar they 
can be added only by connecting them with their proper signs. 

16. From VlO^ take 2\/65. 



SECTION XXVII. 

MULTIPLICATIOJ^ AJ^D DlVISIOJf OF RADI- 
CALS. 

Multiplication of radicals is effected by means of the 
1st Principle of (119) and the following 

Peinciple. 

151. The numerator and denmninator of a fractional 
exponent may he multiplied hy the same number without 
affecting the value of the expression. 

Illustration.— Thus (64)*=(64)* ; for (64)' means the product 
of 3 of the three equal factors of 64, or 4»4. Now if each of the 
8 equal factors of 64 is resolved into two equal factors, the whole 
will be resolved into six equal factors. But the 3 of the 8 equal 
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factors indicated by (64)^ will make 4 of the 6 equal factors pro- 
duced when we resolve each of the 3 factors into 2 factors. Hence 
2 of the 3 equal factors of 64 equals 4 of the 6 equal factors, or 

(64)*=(64)* 



1. Show that (81)*= (81)^ 

• 2. Show that (64)*= (64)* 

iSwfirj/csfion, '(64)* = 8X8X8. Now resolving each of these 
factors into 3 equal factors, we have 

(04)*=.2-3.2X2.2.2x3.2.2, or (64)^, 

mnce 8 of the 6 equal factors of any number make 1 of the three 
equal factors. 

The following is a general demonstration of this im- 
portant principle: 

Dem. — In order t.o demonstrate this generally, we have to show 



ma 



thataj*=a?^. Now a; * signifies the product of a of the & equal 
factors into which x is conceive'^ to be resolved. If we now re- 
solve each of these h equal factors into m equal factors, a of tliem 
will include ma of the mb equal factors into which x is conceived 
to be resolved. Hence ma of the mb equal factors of x equals a of 
the h equal factors. 

[The student should notice the analogy between this explana- 
tion and that usually given in Arithmetic for reducing fractions to 
equivalent ones having a common denominator. It is not identi- 
cal. See Note after Ex. 5, page 169.] 



1. Mnltiply a* hy a*. 



2. .fi. 
Solution. a^=«' * since the product of 8 of the 12 equal fac- 
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tors of a number is equal to the product of 2 of the 3 equal factors 
of the same number, for a number can be resolved into 12 factors 
bj resolving it first into 3 and then each of these into 4. 

In like manner a*=a**. [Give the explanation as above.] 

We now have a^Xa*=a'^'Xa^^*'=^^v^^^V^' ^^* ^^ ^^^ 



8+9 



1st Principle (149) *v^« X ^^^= ^^a*Xa» = ^^/o^^ = a * » 

155. From this analysis we can infer the two follow- 
ing truths : 

1.9^. That a qtiantity affected with a fractional exponent 
may he multiplied hy the same quantity affected with a 
fractional exponent hy adding the exponents, the same as 
when the exponefits are integral. (See 27.) 

2d. That radicals of different degrees can he multi- 
plied hy first reducing them to a common degree and then 
placing the common radical sign over the product of the 
quantities under it in hoth the factors. 

2. Multiply a^ by h^. 

Suggestion,— By (154) o^=<»^*, and 6^=6"* ^. Hence o*X&* = 

^«X6^^'=^\^«^'X^'V^^=^V''«^ [The student should give 
a complete analysis of every step.] 

3. Multiply 5 V^ by ^Va. 

Suggestion.— "Vhe factors to be multiplied together are 
5, Va, 6, and ^a. As the order of multiplication is immaterial 
(23), we may write 5va X 6 X ^a=n*^^'aX ^a=2X^Va^a=z 
30a*a^=30a*, the last operation being performed by 155 (1st). 
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4. Multiply 3>s/l5 by Vd. 

Suggestion.— By (149, 1st) 3^/15 x V6 = 3Vl5 x 6 = 34^, 
3 V90 can be reduced by taking the factor 9 from under the radi- 
cal sign. Thus dV9b-dV9 x 10=9 VlO. This is the product in 
the simplest form. 

166. A radical is said to be in its simplest form when 
the quantity under the radical sign is the smallest 
possible integer. 

5. Multiply VI by Vf 

Suggestion. -rBj (149, 1st) Vfx V?= i1^= Vl. Now this 
is the product, but it is not in its simplest farm, since there is a 
fraction under the radical sign. But we observe that Vf= Vfxf 
= V^= V^g X 10=i Vio, which is the product in its simplest 
form. 

6. Multiply Vl by V^. Prod., iV2. 

7. Show that A/i=J\/2. 

8. Multiply 3^/5 by 2 v^. Prod., 6^^500. 

9. Multiply 2V3^ by 5^35^. Prod., 30xy^. 

10. Multiply j/f by ^^. Prod, f VH*. 

11. Multiply VI by \4. Prod., ^t/B. 

12. Multiply 5V5 by 3^/8. 

13. Multiply 3V3 by 2V2. 
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14. Multiply \/2 by Vs. 

15. Multiply ^ by v^. 

16. Multiply ^/a by \/j. 

17. Multiply 2 V«^ by 3 Va& 

18. Multiply 5 ^fl«7« by aVac. 

Queries.— Id. order to change ^ for J^^ what must we 
do to the quantities under the sign ? What in order to change V 
tot J^ ? 

19. Multiply 3 by ^/^. 

Suggestion*— V^e can put 8 under the square root sign by 
squaring it, since ^9=3. Hence we have 3x4^=V9x V§= 
V9ir|= V6. 

20. Introduce the co-efficient under the radical sign 

in 5a i / — and put the result in the simple form. 
y 15a 

Result^ ^Vl5ad. 

21. Multiply >v/a + V^ by \/«+ V^- 

Process. 



MULTIPLICATION AND DIVISION OF JUDIOAL& 183 

This reRolt should also be known as the square of the binominal 
V5+ Vb by (40). 

22. Multiply Va— VJ by Va-^Vi as above. 
What inspection should give the product ? 

23. Multiply 2-3^5 by 1+2^5. 

Process. 

2-8^6 
1+2^6 

2-3 V5 
4V5-30 



2+ V5-30, or V5-2a 
24. Square Va^—x*. 

Suggestion* — Since to square a quantity is to multiply it 

by itself, we have Va*-x*X Va«-«*= V(a«-«*) (a*-x*)= 

V(a«— ««)«=a*— a?*. That i'Ca*— «*)«=««— a?* is evident from 
the fact that a square root is one of the two equal factors of a 
number. 

167. To square a quantity affected with the sign 
^ is simply to drop the si^n. 



25. Square \/2— x. 

26. Multiply Va—b by Va + b. Prod., Va^—b*. 

27. Multiply Vl—x by Vx. Prod., Vx—x^. 

28. Square 2— V3 both by actual multiplication and 
by observing that it is the square of a binominal. 



29. Square V^—x + Vl+x. 
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Suggestion, — This is the square of a binomial. Hence by (40), 
we have "the square of the let tenn," or 1—x, "plus twice the 

product of the two terms," or 2Vl— «*, "plus th& square of the 
second term," or 1+x. Hence 



30. Square as above VoT^— V^o—a;*. 



SquarOy 2a— 2Va*— a;*. 



Examples in JHvisianm 

158. No new principles are needed to enable ns to 
effect division of radicals. 



Solution. — ^We may write — • = _ — — - =4 A / — =4 ▼ o. 

2Vi '^ 



1. Divide 8V«* ^J 2V«. 

■" 2 Vi ■" 1/ « 
See (149, 2d). 

2. Divide 8\/l08 by 2\/6, Quot^ 12^2. 

3. Divide \^/b by i\/2. 

iVg 3 ./5 3w7;r 

Suggestion.— Vfe have — = 5 ^ r 2 = i ^^^• 

4. Divide 4V^ by 3V^. 

4l/aJ 4 \/a*aj* _ 4 / q'a;* _ 
Suggestion.^We have ^^= 3 >^ 6^, - sj/ iV ~ 
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6. Divide ^/bi by 5^2. 
6. DiYide a/\ by A/\. 

/3 ' /5 " /W~^ * /"3»~ 
Suggestion. /</ 3 "^ |/ 3 = 1/ P^5* = V 3:5'' = 



i/ 



8^*5^ 15 



7. Divide l^ahV^xy by SJV^y. 

8. Divide 6aj\/4%* by 3^4^. 

9. Divide i/| by i/^. G^o^., f V3. 

10. Divide 12a:8yV72a;8|/8 by ^x^/^. 

11. Divide VaOo^ by V^. 



SECTION XXVIII. 

P URE Q UADBA TIC EQ UA TlOJfS. 

159. The Degree of an equation is determined hy 
the highest number of unknown factors occurring 
in any term when the equation is freed from, radi- 
cals or fractional exponents as affecting the un- 
known quantity. 
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Thus ax—bx*=c-{-x^, is of the 3d degree ; a*a?— 4fl;— 12 is of the 
1st degree ; a;*y*=18 is of the 4th degree, etc. 

160. A Simple Equation is an equation of the first 
degree, 

x—S 
Thus y=zax-\-b is a simple equation, as also is — ^- +4a:=^x+5. 

101. A Quadratic Equation is an equation of the second 
degree. 

Illustration. «'+Sa;=5 is a quadratic, as is also x*=a, or 
xp=zb, or X* +y*=7. 

162« Quadratic Equations are distinguished as Pure 
{called also Incomplete), and Affected (called also Com- 
plete). 

163. A Pure Quadratic Equation is an equation which 
contains no power of the unknown quantity but the 
second. 

Thus 025* +6=c(2, and a?*— 36=102, are pure quadratics. 

1644 A Root of an equation is a quantity which, 
substituted for the unknown quantity, satisfies the 
equation. It is the value of the unknown quantity, 

1. What is the value of x in the equation x^ = 9? 

Solution. — As the square roots of equal quantities are equal, 
we can extract the square root of each member and not destroy the 
equation. Hence we have x= ±3. It seems, then, that x has two 
vcUties, viz., flj= +3, and flj=— 3. This is evidently true since the 
square of + 3 is 9, and the square of —3 is also 9. 

1615. A Pure Quadratic Equation always has two roots, 
numerically the same, but with opposite signs. 
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2. What are the roots of a;»— 36= — +12 ? 

4 

Solution. — Clearing the equation of fractions, transposing and 

uniting terms, and dividing by 3, as in simple equations, we have 

a;*=64. 
Whence «= + 8, and —8. 

Solve the foUowiug : 

3. 6a;«-48~2a;2=96. 

4- 2a;« + 9=81. 

^ . - 4a;« + 18 
6, jc*— 3= 7. — . 



6, (2a;-.5)«=2:8-20a;+73. 

7. !^!ll^=2a;8-6i. 



8, 0x^—1=1. X 



=V^' 



9. a«a;«— 5«=0. »= 



-i/!- 



JProblenM* 



1. There is a number such that by adding 5 to it for 
one factor, and subtracting 5 from it for another fac- 
tor, we xaay obtain 96 for the product What is that 
number ? 

5«*flrflr««*ion.— The equation is (a!+5X«— 5)=96, or 

a* -35=96. 
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From this ii;=-f 11, and a;=— 11. Which of these shall we take? 
In truth, both will fulfill the conditions. But as we nsuallj refer 
to positive quantities only in such questions, it is customary in 
elementary inquiries to neglect the negative roots. They will be 
neglected in these problems. 

2. Find two numbers such that their product shall ba 
750, and the quotient of the greater divided by the less, 

3. Find a number such that if ^ and ^ of it be mul- 
tiplied together, and the product divided by 3, the quo- 
tient will be 298f. Ans., 224. 

4. Find two numbers which shall be to each other as 
2 to 3, and the sum of whose squares shall be 208. 

A7is.y 8 and 12. 

6. A person bought a quantity of cloth for $120; and 
if he had bought 6 yards more for the same sum, the 
price per yard would have been $1 less. What was the 
number of yards ? What the price yer yard ? 

Ans,y 24 yards, at $5 per yard. 

6. A detachment from an army was marching in regu- 
lar column, with 5 men more in depth than in front; 
but upon the enemy's coming in sight, the front was in- 
creased by 845 men ; and by this movement the detach- 
ment was drawn up in five lines. What was the number 
of men ? Ans.y 4550. 

Suggestion. ^-li we call the first line x men, there would have 
been aj-i-5 lines, and hence 2* +5a? men in the detachment. The 
equation is a;*+5aj=5aj-f 4225. 

7. A man lent a certain sum of money at 6 per cent. 
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a year, and found that if he multiplied the principal by 
the number representing the interest for 8 months, the 
product would be $900. Sequired the principal. 

Principal, $150. 

Suggesiian. — The interest for 1 year is -r^ , x being tjie prin- 
cipal ; for -oi a year it is g of j^, or ^g. 

8. Find three numbers in the ratio of 2, 3, and 5, the 
sum of whose squares is 342. NumberSy 6, 9, and 15. 

Suggestion. — Let 2x, Zx, and ^ represent the numbers. 

9. What two numbers are those which are to each 
other as 3 to 4, and the difference of whose squares is 28? 

Numbers, 6 and 8. 

10. Find three numbers in the ratio of m, n, and r, the 
sum of whose squares is s. 



Numbers, mi / — r , nA / — — 

' y m^+n^+r^ y m^+n^ + 



>8 



V 



s 



m^ -{-n^—r^ 

11. What two numbers are those which are to each 
other as m to n, and the difference of whose squares is 5? 



Numbers, mi/ —- -, nA/ —- — 

' y m^—n^' y m« — 



n^ 



12. The number of rods in the length and breadth of 
a rectangular field are in the ratio of 4 to 3, and the 
length of the diagonal is 100 rods. How many acres are 
in the field ? Ans., 30 acres. 
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13. Bobert has three equal square lots. If he had 193 
equu-e rods more, he would have as much lund as would 
be in one square lot whose sides are each 25 rods. What 
is the length of each aide of the three equal square lots? 

Ans., IZ rods. 

14. There are two numbers whose sum is 17, and the 
less dirided by the greater is to the greater divided by 
the less as 64 : 81. What are the numbers ? 

Ans., 8 and 9. 

15. What are the two numbers whose product is a and 
quotient J? Ans^ Vab and a/%. 

18. What two numbers are as m : n, the sum of whose 
squares is a? 

mVa nVa 

Ans^ , -^ = and — = . 

V(m«+«») Vim' + n*) 



SECTION XXIX. 

EFFECTED QUADRATICS. 
Afhctod Quadratic equation is an equation, 
ntaina terms of the second degree and also 
si, with respect to the unknown quantity. 

-a«=e. «-i«.=?l+?, ^d *-l=?l±^,a« .fleeted 
1 order to solve an affected quadratic equation. 
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we need to observe carefully the square of a binomial. 
To tliis we will attend before attempting the solution of 
such an equation. 

1. What is the square of a;+2 ? 

Of how many terms does the square of a binomial con- 
sist? 

What is the first term ? 
What the second term ? 
What the third term ? 

2. What is the square of x—b ? 
Same questions as above. 

3. What is the square of a+a? 
Same questions as above. 

4. What is the square of x—a P 
Same questions as above. 



6. If a;* +4:3; is the first two terms of the square of a 
binomial, what is the third term ? 

What is the first term of the square of a binomial ? 
Then what is the first term of the binomial, the first 
term of whose square is x^ ? 

What is the second term of the square of a binomial ? 

Then half the second term is what ? 

If then 2x is the product of the two terms of a bino- 
mial, and the first term of the binomial is Xy what is the 
second term of the binomial ? 

6. If a;*— 18a; is the first two terms of the square of a 
binomial, what is the third term ? 
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Will a;— 4 squared giTc a;*— 18a: for the first two terms 
of the square ? 

Will a:— 2 squared give these? 
Will ar+3 ? 

Will x~z ? 

7. ifx* — Sz is the first two temu of the square of a 
blnomiul, what is the third term ? 

8. What is the square of a:+ Ja ? 

9. What is the square of x—^a ? 

10. Itx*+ax is the first two terms of the square of a 
binomial, what ia the third term ? 

What ia the binomial of which x* + ax is the first two 
terms of ils square ? 

11. Whatis the binomial of which x'—ax is the first 
two terms of its square ? 

. Is the first term of the square of a binomial 

-? 

the third term of the square of a binomial ever — ? 

hcD is the middle term of the square of a binomial 

nil when — ? 

i- If x" + ax, or x" —aj;, is tJte first two terms of 
square of a binomial, the third term of this 
ire is the aquar* of half th« oo^ffloient of x and is 
lys +. 

. According to this principle tell what the Completed 
ire is in each of the following; 

+ ^^- Completed Square, a;' + 8a: + I (!. 
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a;«-10iK. 


Completed Square, a;*— 10a5+26, 


a:« + 12a5. 




a;2-12a:. 




x^ + 20a;. 




x^+lQx. 


• 


x^—bx. 


Completed Square, a?*— 6a;+^- 


x^ + 3a:. 




a;*+a^ Whati« 


half the co -efficient of a; ? 


a;»-7a?. 




a:*— a?. 




a;«— 3maj. 


Completed Square, a;«— 3ww;+-j-. 


a;*4--r^« 
6 


Completed Square, ''^**+~t"^ + T8- 


x^—^x. 
2n 


Completed Square, ^*~4T"^ + Te~i' 



a;* + (a— i)j;. What is the square of J the co-efficient 
of a;? 



, 2m +4 

X* X. 

a 



x^ + -^ — X. Completed Square, x^ + -^ — x + ^— r — ^. 
27n L :t 7 2ffi 16m* 



14. What is the square root of the completed square 
of the following : 

a;*— 6a;? Square Root of C. Sqr., a;— 3. 

a;2 + 24a; ? Square Boot of C. Sqr., x + 12. 

a;« + 14a;? 

a;«-2a;? 

x^—x"^ 

x^+x? 

a;» — 11a; ? Square Root of C. Sqr., a;—- V^. 

9 
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x^~x^ 

o 

x^^ xr 

a 

o*— 1 a*— 1 
ic* T — ic ? Square Root of C. 8qr., x ^^r- - 

jc* H x ? 

a 

x^-^ix? 

x^—^x? 

y^—amy? 

y*—in*y? 

169. Ifx* +ax, or x*— ax, w the first two terms of the 
square of a binomial^ the binomial is x +, or — , half the 
co-efficient of x in the given expression^ + when the sign 
ofoixis +, and — when the sign is — . 



SoltUion of Affected Quadratics* 

1. Given a;* + 10a;=24 to find the value of ar, 

BoiiUTiOK. — Adding 25 to each member, which will not destroy 
the equation, it becomes 

aj*+10ic -1-25=49. 

Extracting the square root of each member, since the square 
roots of equal quantities are equal, we have 

ar+5=±7. 

Hence, «=7— 5, and —7—5, 

or «=2, and -^12. 
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170, We 866 from this solution that an affected 
quadratic has two roots, or values of the unknown 
quantity, ' 

2. Find the values of a: in the equation a;*— 6»'C=135. 

Solution. — Completing the square of the first member by add- 
ing 9 to it, and also adding 9 to the second member so as to pre- 
serve the equality of the members, we have 

«*— to +9=144. 

Extracting the square root of each member, which does not 

destroy the equation, since the square roots of equal quantities are 

equal, we have 

a;-3=±12. 

Whence, aj=12 + 3, and —12+3, 

or ir=15, and —9. 

3. Solve — r — = — T— • 

Solution. — Clearing the equation of fractions, we have 

2a;*-i-8=a;*+6a;. 

Transposing the terms containing x into the first member and 
the known terms into the second, we have 

2a?«-aj*— eaj=— 8. 
Uniting similar terms, we obtain 

a?«— 6a;=— 8. 
Solving this as before, we find a;=4, and 3. 

4. Solve 9a;-f-- = — h4 

X X 

Solution. — Clearing of fractions, transposing, and uniting tenns, 
we have 

9aj«— 4a;=28. 

Dividing each member by 9, we obtain 
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Coiiiidetiiig the aquare. 
Extracting the square root of each member^ we have 

Whence, aj=2, and — V*. 

NoTB. — It Ib not best actnallj to square the half co-efficient of x 
as added to the first member, but only to indicate its square. 

From these examples we infer the following rule for 
solving affected quadratics : 

171. RULE.— Itt; Eeduee the equation to the form, 
x*+tx=b. 

2d. Add the aqiiare of half the coefficient of the 
second term to both rnentbers of the equation. 

3d. Extract the square root of ea^h member, thus 
producing a simple equation from, which the value 
of the unknown quantity is found by simple tranS" 
position. 

Dem.— By definition, an Affected Quadratic Equation contains 
but three kinds of terms, viz., terms containing the square of the 
unknown quantity, terms containing the first power of the un- 
known quantity, and knmon terms. Hence each of the three kinds 
of terms may, by clearing of fractions, transposition, and uniting, 
as the particular example may require, be united into one, and 
the results arranged in the order given. If, then, the first term, 
i. e., the one containing the square of the unknown quantity, has 
a co-efficient other than unity, or is negative, its co-efficient can be 
rendered unity or positive without destroying the equation, by 
dividing both members by whatever co-efficient this term may 
chance to have after the first reductions. The equation will then 

take the form x*±ax==±h. Now adding (^^ * to the first mem- 
her, makes it a perfect square J the square of x±-\ since a tri- 
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nomial is a perfect square when one of its tenuB (the middle ooe, 
€tXf in tliis case) is ± twice the product of the square roots of the 
other two, these two being both positive. But, if we add the 
square of half the co-efficient of the second term to the first mem- 
ber to make it a complete square, we must add it to the second 
member to preserve the equality of the members. Having ex- 
tracted the square root of each member, these roots are equal, 
since like roots of equals are equal. Now, since the first term of 

the trinomial square is x*, and the last 1-^) does not contain x, 

its square root is a binomial consisting of x±Xh» square root of its 
third term, or half the co-efficient of the middle term, and hraice a 
known quantity. The square root of the second member can be 
taken exactly, approximately, or indicated, as the case may be. 
Finally, as the first term of this resulting equation is simply the 
unknown quantity, its value is found by transposing the second 
term. 



172. Solve the following affected quadratics, verifying 
those to which the answers are not given. 

1. aj«— 15=45— 4a^ a?=6,~and —10. 

2. a:*— 6a;-|-9=l. 

3. a;«=8a? + 9. 

4. 5a;— 23= . a;=5, and — !• 

X 

Verification. — To verify the value aj=5, we have 

25-3 5 



55-23=' 



5 



25 3,5 

Now 5^5— 23 is 2 ; and — ^ — is also 2, hence the equation is 

true for a5=5. 
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To verify the yalae «=— 1, we have 

25-8x(-.l) 



5x(-l)-23= 



-1 



Now 5x(-l)-23 is -5-23, or -28. 

^ ^ 25-3x(-l) . 25-h3 ^^ ^ 
And r^ — - IS — — r-, or —28. 

Hence the equation is true for a;=~l. 

5. aj+4=13 - '^^^^ . a:=:4, and -2. 

X 

6. |! - ? + 20i=42|. x=7, and -6f 



7- 



8. 



2 3 

22— a; 15— a; 



20 


- a:-6 • 


a; 
a;+8 


a;+3 


X 


7 



^- a: + 60""3a:-5' 

10. 3ar«— 408=22;. 

11. -12 + 61x=5a:«, 

12. 2a; + — ^r— = 5a; ^. «=4, and — 1. 

2 a;— 3 

13. 3. - H?ild£ = 2. 

a; 

14. a;8 4-6a;=55. 

15. a;*— 5a;=7. 

Solution. — Completing the square, we have 



AFFECTED QUADRATIC EQUATIONS, 199 



5 /58 1 

Extracting the sqaare root, rr — -^= iy~i' = io ^^^• 

Hence *•= q- ± « '♦'^^ 

//i such a case as this, i. e., when the second member of t7ie equa- 
tion is not a perfect power, after the square of tlie first member has 
been completed, we may leave the result in tJie form above, or extranet 
the square root of the member under th^ radical to any required de- 
gree of accuracy. 

Thus, t^=7.28 + . Whence flj=^i^-, and ^^,ot 

6.14, and —2.14, approximately. 

16. x^-\-^x=ll. a;=1.84-, and —5.8 + . 

17. ^^ = 7 + 1. a;=8.22, and -1.22, nearly. 

54- 1/57 

18. 3-5a; + 2a;2 = 7. x= ^^ . 

2x^- ^ x^ + Hx 

ly. -y--— J— . 

20. a;2— 4a;=— 20. ir=2±-\/— 16. 



Note. — Such an expression as 1^—16, i, e., the indicated square 
root of a negative quantity, is called An Imaginary Quantity. 
You observe that we cannot obtain the square root of a negative 
quantity, for the square root of a quantity is a quantity which 
multiplied by itself produces the given quantity. Now, no real 
quantity multiplied by itself produces a negative quantity. Thus, 
if we attempt to get the square root of —16, what shall we call it? 
Is it +4? No; since +4, squared, is +16. Is it, then, —4? 

No; for —4, squared, is +16. But, (+4)x(— 4)=— 16. Is not 
one of these factors, then, the square root of —16? No; since 
the factors must be equal, and +4 and —4 are not equal. 
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178. An imaginary quantity is an indicated even root 
of a negative quantity. 



21. a:«-10a;=: —40. x=b± V— 15. 

22. jc'+ 8a;=— 50. a:=— 4±yCr34; 



23. "^ 



ic + a a;— d' 

SonjTiON. — Clearing of fractionSy tfi^hx=hx + oJ. 

Transposing and uniting, o^— 2&r=ad. 

Completing the square, ' a?— te + 6* = oft + 6«. 

Extracting square root, «— 6= ± Vod+i". 



Transposing, a?=6± Vad+6'. 

24. a«+J«_2Ja;+a;*= ^. 

Solution. — Clearing of fractions, <j^*+ J*»'— 2J»^+nV=:mV. 
Transposing and uniting, (n*— »i')aj*~26»*aj=— aV— 6*n*. 

Dividing by the oo-efficient of aJ*, or r =«= s =-- 

Completing the square. 

Uniting terms in second member. 






Extracting square root of each member. 
Transposing and factoring. 
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25. ax^-\-bx=c. x = «- • 

26. 2fla:— a;* = — 2aA— J*. ir=2a+J, and — J. 

27. x^+ax=:b. 

28. a;2— a*=J. 

29. a;« + aa;=— J. 

30. a;«+ax=— J. 



-^ 



SECTION XXX. 

PROBLEMS PROBUCm'G AFFECTED QUAD- 

RATIOS. 

1. Divide the number 56 into two such parts that their 
product shall be 640. 

Suggestion^— lihe equation is (56— a;>r=64. Tlie parts are 40 
and 16. 

2. Diyide a into two such parts that their sum shall 
be m. Deduce from the result the results in the preceding. 

Suggestion, — The equation is {a—xyB^m, The parts are 

«+ Va*— 47W. , «— Va*—4m 
. . ana . 

2 2 

3. The difference between two numbers is 6, and the 
sum of their squares is 50. What are the numbers ? 

Ans.y 7 and 1. 

4. The difference between two numbers is d, and the 

9* 
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sum of their squares is s. What are the numbers? De- 
duce the results in the last from these answers. 

Am., ^ , and . 

5. A nursery-man planted 8400 trees at equal dis- 
tances, in the form of a rectangle, having 50 trees more 
in front than in depth. What was the number in front ? 

Ans., 120 trees. 

6. Divide 8 into two such parts that their product 
shall be n times their difference. Find from the literal 
or general answers, the answers when 30 is the number 
and their product is 8 times their difference. 

Literal Results, a;= ^(^ 4- 2n ± V«*+4w«). 

Queries. — Would it be consistent with the problem to take the 

value of a; as i(« + 2n + V«* + 47i*) ? Would this make a, which is 
one of the parts of s, greater or less than « ? x being one of the 

parts, and its value being i(«+27i— V<* + 4w*), the other part, 

s-x, isi(«-a»+ V8*+4n*), 

7. The ages of a man and his wife amount to 42 
years, and the product of their ages is 432. What is the 
age of each ? Ans.^ Man's, 24 years; wife's, 18 years. 

Queries. — ^Which of the above problems is essentially the same 
as this ? Which of the general (literal) answers will give the an- 
swer to this by merely substituting the numerical values as here 
given? 

8. A is 4 years older than B; and the sum of the 
squares of their ages is 976. What are their ages ? 

Ans.y A's age, 24 years; B's, 20 years. 
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Queries* — ^Which of the above problems is essentially tlie same 
as this 7 Which of the general solutions above covers this ? 

9. A merchant has a piece of broadcloth and a piece 
of silk. The number of yards in both is 110 ; and if the 
square of the number of yards of silk be subtracted from 
80 times the number of yards of broadcloth, the differ- 
ence will be 400. How many yards are there in each 
piece? Ans.y 60 of silk; 50 of broadcloth. 

10. A merchant bought a piece of cloth for $45, and 
Bold it^for 15 cents more per yard than he paid. Though 
he gave away 5 yards, he gained $4.50 on the piece. 
How many yards did he buy, and at what price per yard? 

Ans.y 60 yards, at 75 cents per yard. 

Suggestions — ^Let a; = number of yards; the equation is 
(^ + 15 Vaj~5)=4500 + 450. 

11. A person being asked his age, answered, "My mother 
was 20 years old when I was born, and her age multiplied 
by mine exceeds our united ages by 2500." What was his 
age? Ans.y 42 years. 

12. The length of a certain field exceeds its width by S 
rods ; and its area is 768 rods. What are the dimensions 
of the field? Ans.^ Length, 32 rods; width, 24 rods. 

Queries. — Which of the above problems is essentially the same 
as this ? Deduce the answers to this from the general results in 
the corresponding problem above. 

13. A man bought a number of sheep for 1240, and 
sold them again for 16.75 apiece, gaining by the bargain 
as much as 5 sheep cost him. How many sheep did he 
buy ? Ans,y 40. 
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24000 
Suggestion. — Letting ir=namber of sheep, cent8=cost 

120000 
of 1 slieep, and — -^ = amount gained by the bargain. 

14. A person invested a certain sum of money for 
goods, which he sold again for 124, and thereby lost as 
many per cent, as equaled the number of dollars invested. 
How much did he invest ? Aii8.y $40, or 160. 

15. A man sold a horse for 1312.50, and gained one- 
tenth iis much per cent, as the horse cost him. How 
much did the horse cost him? Ans.y $250. 



Suggegtian. — One-tenth the ooet is r^ , letting 2;=the cost. 
Hence his gain was ^^w^^ of the cost. The eqoation is 



1000 



= 312.5-a?. 



16. A set out from C towards D, and traveled 7 miles 
an hour. After he had gone 32 miles, B set out from D 
towards C, and went each hour ^ of the whole distance ; 
and after he had traveled as manv hours as he went miles 
in one hour, he met A. Eequired the distance between 
the two places. -4n/?., 152, or 76 miles. 

X 

Suggestion. — Letting x = the distance from C to D, r^ = B*s 

distance per hour, and also his time. The equation is 

17. A certain number consists of two figures whose 
sum is 12 ; and the product of the two figures plus 16 is 
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equal to the number expressed by the figares in inverse 
order. "What is the number? Ans.yM. 

18. Find two numbers whose sum is 8, and the sum of 
whose cubes is 152. 

19. Two travelers, A and B, set out to meet each other, 
A leaving the town C at the same time that B left D. 
They traveled the direct road C D, and, on meeting, it 
appeared that A had traveled 18 miles more than B ; 
and that A could have gone B's journey in 15J days, but 
B would have been 28 days in performing A*s journey. 
What was the distance between C and D ? 

Sugge9tian»-^ljei^mg a; = number of miles A traveled, the 

equation is 

6a» 28(«-18) 





4(aj-18) - X 


or 


9aj«=16(aj-18)«, 


whence 


3a?=4(a;-18). 



20. A merchant bought a piece of cloth for $120, and, 
after cutting off 4 yards, sold the remainder for what the 
whole cost him ; by which he made $1 a yard on what 
he sold. How many yards did the piece contain ? 



SECTION XXXI. 

FREEIJfG EQUATIOJfS OF RADICALS. 

1. Given 10 + V2a;+9=15 to find the value of a?. 

SoLTTTiON. — Transposing and uniting 90 that the radical shaU 
constitute one member, we have 

V2x+9=S. 
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Squaring each member, which will not destroy the equation, since 
the squares of equal quantities are equal, we find 

aa;+9=25. 
Hence x=z^. 

2. Given 9+^^— =10 to find x. Verify. 



3. Given^^-"t^^-^2i=2 to find x. 

Suggestion* —The successive transformed equations are 

3^2^+27-11=10, 
3^2^+27=21, 
V2xT27=7, eta 

4. Given ZV^—^=V2x to find x. x=8. 

Suggestion* — Square each member. The square of 2 l^;^;— 4 
is 4r-16. 

5. Given V7ir— 13=V91-a: to find x. Verify. 



6. Given Vx—lG=:Vx—2 to find x. 

Suggeseion.SqvL&nng, a?— 16=aj— 4^5+4 

Transposing and uniting 4i^=20. 

Dividing by 4, 4^=5. 

Squaring again, aj=25. 



7. Given 2-hx=:V^+x\/64:+x* to find x. 
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Suggestion. — The successive transformed equations are 

4+4r+a;* =4+aj V64+aj*, 

4+a; = Vei-f-oj*, 

16+8aj+aj*=64+ajS 
aT=48. 

I 

8. Given Vi»+13 + V^=13, to find a;. Verify. 

9. Given V^c— 32=16 — V^^, to find a;. Verify. 
10. Given \/i*^+«=S+ V^ to find x. 

X=z^ ^— 

^ 41^8 • 



Find the value of x in the following, which are pnre 
Quadratics after being freed from radicals. 

11. 24 — V3a;«+9=15. x=6, and -6. 

12. 13-V3a;8+16=5. Verify. 

13. a;V6 + a;2=l4-ir«. ir=J, and — |. 



14. V« + a; + \/a— a?=5. x=±~V4a-^. 



SuggeMan.—Sqnmng, a+«+2 4^a' —a;* -ha— a;=:6«. 
Whence 2 Va« -«« =6^ -2a. 

15. a;\/a+^=5+a?*. «=± — ^,Va— 2S. 

a— 26 
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Find the yalae of the following, which are affected 
Quadratics after being freed from radicals. 



16. a:4-5— Va;4-5=6. a;=4, and —2. 

Stigge8tian» — The saccesslve transformed equations are 

Vaj+5=aj— 1 
a;+5=a;'— 2a?4-l, etc 

111. x+16-7VxTTQ=10--4:Vx+16. a;=9and-12. 
SuggegHan* 3Vaj-|-i6=aj— 6. 

18. ^/^6^x^2a/-. fl;=4, and 2. 

19. ^^/^ZJz = A/^^^^—. a;=12, and -11^. 

20. ^/x X V5a;-20= V7ir-34. ifc=3f , and 2. 



Pro&2em«. 



1. The ages of two brothers are such that the age of 
the elder plus the square root of the age of the younger 
is 22 years, and the sum of their ages is 34 years. What 
is the age of each ? Ans.j Elder, 18; younger, 16. 

2. A man said that he had sold such a part of his 
farm that, if he had sold ^ more of it, he would haye sold 
the square root of what he did sell plus its square. What 
part did he sell ? Ans.^ ^. 

The equation is aj+l= Vaj+»». 
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3. What number is that expressed by two digits which 
are in the ratio of 1 to 2, and the square root of whose 
sum is -^ of the number itself? 

4 What number is that from which, if 1 be sub- 
tracted, the square root of the remainder is equal to \ of 
the diflTerence between the square root of the number 
andl? 

Vx—1 ' 

The equation is r a?— 1= — - — . From which we find x imagi- 

6 

nary. This means that there is no such number. 

5. What number is that to which if 33 be added, the 
square root of this sum increased by the square root of 
the difference between the number and 63 is 12 ? 

6. If 4 be subtracted from a father's age, the remainder 
will be thrice the age of the son ; and if 1 be taken from 
the son's age, half the remainder will be the square root 
of the father's age. Eequired the age of each. 

Father^s, 49 ; so-rCs^ 15. 

7. A young lady being asked her age, answered, " If 
you add the square root of my age to f of my age, the 
sum will be 10." Eequired her age. 

8. A stranger asked the distance to a certain place 
and was told that twice the square root of the distance 
exceeded 5 miles by twice the reciprocal of the square 
root of the distance. The stranger replied that this 
answer was ambiguous. Why was it so ? 
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SECTION XXXII. 

SIMULTAJfEOUS QUADRATIC EQUATIOJfS 
WITH TWO UJ^KJfOWJ^ QUANTITIES. 

One Simple EqtuUian and one Quadratic. 

1. Given 2a?--5y=ll, and a:»— y+10=3y» + 149, to 
find X and y. 

SoLTTTiON. — ^Here we have a Simple Equation and a Quadratic. 
Putting the equations in their simplest form (the simple equation 
is in such form), we have 

2a;-5y=ll, 
and a5«— y— 3y'=189. 

Finding the value of one of the unknown quantities, as x, from 
the Simple Equation, we obtain, 

ll+5y 

Substituting this in the Quadratic, we have 

Clearing this of fractions, transposing^and uniting terms, 

18y*4-106y=435. 
Solving this affected Quadratic, we find 

y=3, and — ^, 

Substituting these values of ^ in the value of x found from the 

simple equation, we find that 

for y=3, a5=13, 

145 1307 

and for y=—^> «= — jg-- 

174. It is very important that the pupil observe how 
the values of the unknown quantities are related to each 
other; thus, in this case, y=3 and x=13 are correlative. 
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1307 
and will satisfy the equation. But y=3 and x= — zr^ 

145 
will not satisfy it; neither will y= — — - and a; =13. 

But y= — To- aud a:= 1-^ will satisfy the equation. 

lo lo 



175. Two eqwations between two unhnovm guaTv- 

titles, one of the first decree and the other of the 
second, may he solved as a Quadratic by finding the 
value of one of the unknown quantities in the sim- 
ple equation, substituting this value in the quAJudr- 
ratio, and solving the resulting equation^ 

Solye the following : . 

1. a;+y=9, ) a:=3, y=6;and 

a;8+y«=45. ) xz^^y y=3. 



). a;+2y=7, ) 

a;»+3a;y— y«=23.) 



x=3, y=2; and 
a;=15|,y=— 4^. 



3. ir— y=-2, \ a?=— |, y=lf ; and 
^+15=^) x=2,y=^. 

4. 2a;+y=10, ) a;=5^,y=— f ; and, 
2a;8 — a;y=54— 3y«. i fl;=3, y =4. 

176. In solving such equations, care should be taken 
that the values be given in the proper order. The First 
Boots are those which arise from taking the + sign of 
the radical in solving the Quadratic. 
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__ The values of x are —3 and 8 ; and 

"" "" * \{yZ and — 8, which is the First pair 






;. a;-y=5,) . 
a:y=36. ) 



of values ? Which is the second ? 

Is the first value of a; 7, or 2 ? What 
I the corresponds 
the other values? 



is the corresponding value of y ? What 



7. 3a:«=24-2y,^ 

_ l-2y [verify. 
a:-y— g— . ) 



- 



9, ax+by^zc,] rc= ^^ 



a;y=df. 



y= 



26 



177. k Homogeneous Equation is an equation in which 
each term into which the unknown quantities enter 
hus the same number of unknown factors* 

ThuBajy=8, and «*—2ajy+y* =4 are homogeneous ; but 2aj+y=7, 
and x^ -h^xy—y* =23, are not homogeneous toith €ctch other, though 
each is homogeneous in itself. 5x^2xy=t0 is not homogeneous, 
norisaj«-a!y+y=81. 

Solve a:y=8, and a;»— 2a:y+y«=4. 

Solution.— liet y=«», « being an unknown multiplier which it 
will be our purpose to determine. Substituting in both equations 
vx for y. 
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the first becomes txi;'=8, (3) 

and the second, «•— 2wJ*+«'«*=4. (4). 

From (3) aj«=- ;and from (4),a?«=j-g^;^. 

Placing these values of x'^ equal to each other, since the equa- 
tions are supposed simultaneous, 

8_ 4 2 _ 1 

«■" l-2«+««/ ^' « ^ l-2fl+i)* * 
Solving the last we find 

2-4tJ+2t)*=«, 
2i)«— 5«j=-2. 
Whence f)=2, and J. 

Taking the former, (3) becomes 2a;^=:8 ; 

whence aj=±2, and y=t?a?, 

gives y=±4. 

The value t?=^ would simply exchange the values of x and y, 
making x= ±4, and y= ±2. 

178. Two Homogeneous Quadratic Equations between two 
unknown quantities can always he solved by the 
method of quadratics, by substituting for one of the 
unknown quantities the product of a new unknown 
quantity into the other* 

Solve the following by the above method, being sure to 
observe which values of x and y go together. The 
numerical values will be written in the margin without 
indication as to which of the unknown quantities they 
are the values of, or as to their order : 



1. a;«+a:y =60, ) 5, -5, 12\/2, -12^2, 

a;y+2y«=133. ) J^v^ ~VV2, -7, +7. 



* Of course such equations can be solved without this expedient, 
and some of them by more elegant methods, but this form of solu- 
tion is of great practical importance and should be familiar. 
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2. a;y-6y« = -102, ) 6, 13, -6, -13, 

x^ — 2y * =97. ) omitting the negative yalue of v. 

3. 2a;«--3a;y=56, ) ±3, ±8, omitting the second 
^y — y* =15. ) value of v. 

4. 2a;«- xy=% \ +2, -2, +4VT, -^VT. 



:«- ay =6,) 
f«+3a:y=8. ) 



2y«+3a:y=8. ) +4^7, -^vT, +1, -1. 

6. 5a;«— 3a;y=56, ) 
=28.) 



6y* + a;y 



6. 4a;»=3a;y-2, 

a;8 + y« =5. 

7. x*-\-xy =12, 



« =5.) 



+a:y =12, ) 
-2v«=l. f 



xy-2y 
8. 3a;«-3a:y+y8=21, 



2a;y=3y« + 



y*=21,) 
a;«-19. J 



Pro&^ettta. 



1. If a certain number, consisting of two places, be 
divided by the product of its digits the quotient will be 
2, and if 27 be added to it, the digits will be in an in- 
verted order ; required the number. Ans,, 36. 

2. The perimeter^ or sum of the four sides of a rect- 
angle, is 112 rods, and its area is 720 square rods. What 
are the length and breadth of the rectangle ? 

Ans^ 36, and 20 rods. 

3. The fore wheels of a carriage make 2 revol utions 
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more than the hind wheels in going 90 yards; hut if the 
circumference of each wheel is increased 3 feet, the car- 
riage must pass over 132 yards in order that the fore 
wheels may make 2 revolutions more than the hind 
wheels. "What is the circumference of each wheel ? 
A 718., Fore wheels, 13 J feet ; hind wheels, 15 feet. 

4. A and B start at the same time, from two different 
points, and travel towards each other; when they meet 
on the road, it appears, that A has traveled 30 miles more 
than B. It also appears, that it will take A 4 days to 
travel the road that B has come, and B 9 days to travel 
the road that A has come. Find the distance of A from 
B, when they set out Ans.y 150 miles. 

6. Two persons, A and B, depart from the same place, 
and travel in the same direction ; A starts 2 hours before 
B, and after traveling 30 miles, B overtakes A ; but had 
each of them traveled half a mile more per hour, B would 
have traveled 42 miles before overtaking A. At what 
rate did they travel ? 

Ans., A 2^, and B 3 miles per hour. 

6. The area of a rectangular field is 1575 square rods ; 
and if the length and breadth were each lessened 5 rods, 
its area would be 1200 square rods. What are the length 
and breadth ? 

7. A man had a field 4 times whose length equaled 
6 times its breadth. He gave 3 dollars a rod to have it 
fenced ; and the whole number of dollars was equal to 
the number of square rods in the field. Required the 
length and breadth of the field. 
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8. What two numbers are those whose difference is 8, 
and the sum of whose squares is 544 ? 

9. Divide the number 100 into two such parts that the 
sura of their square roots may be 14. 

Suggestion* — ^Let x'^ and y* be tlie numbers. 

10. The product of two numbers is a, and their quo- 
tient is h What are the numbers ? 

11. The sum of the squares of two numbers is a, and 
the difference of their squares is h. What are the num- 
bers? 

Am., i/^ andi/^iE? 

12. Divide a into two such parts that the sum of theii 
square roots, shall be h. 

The parts are 

2 ' ^""^ 2 • 
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